Mathematica 11.3 Integration Test Results

Test results for the 456 problemsin "3.1.4 (f x)*m (d+e x"r)Aq (a+b
log(c x*n))*p.m"

Problem 56: Result more than twice size of optimal antiderivative.

sz (a+blog[cx"]) 5
X

(d+ex)4

Optimal (type 3, 79 leaves, 3 steps):
bdn 2bn x3<a+bLog[cx"]) bnlLog[d+ex]

+

6e3 (d+ex>273e3(d+ex) 3d(d+ex)3 3de3

Result (type 3, 170leaves):
1

6de? (d+ex)3
(2ad3+3bd3n+6ad2ex+7bd2enx+6ade2x2+4bde2nx2—2bn (d+ex)3Log[x1 +

2bd (d*+3dex+3e*x?) Log[cx"] +2bd’nlog[d+ex] +6bd’enxLog[d+ex] +
6bde’nx?Log[d+ex] +2be3nx3Log[d+ex])

Problem 64: Result more than twice size of optimal antiderivative.

st (a+blog[cx"]) 5
X

(d+ex)’

Optimal (type 4, 243 leaves, 8 steps):
x® (a+blog[cx"]) x°(6a+bn+6bloglcx"])

6e(d+ex)6 30 e? (d+ex)5
x? (20a+19bn+20blog[cx"]) x (20a+29bn+28bloglcx"])

40e° (d+ex)? 20e° (d+ex)
x* (30a+11bn+30blog[cx"]) x> (6@0a+37bn+60bLloglcx"])

- +

120 €3 (d+ex>4 180 e* (d+ex)3

(20a+49bn+20blog[cx"]) Log[1+ %] bnPolyLog|2, - e(Tx}
20 e’ i e’

Result (type 4, 673 leaves):
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1

360e’ (d+ex)®
(882ad5+812bd6n+4932ad5ex+4350bd5enx+11250ad4e2x2+9399bd4e2nx2+

13200 ad®e®x® +10262bd*> e’ nx® + 8100 ad* e* x* + 5679 b d? e* n x* + 2160 ad e® x° +
1278bde®nx> +882bd°® Log|c x"| +4932b d° ex Log|[cx"| + 11250 b d* e? x* Log[c x"| +
13200 b d* ® X’ Log[c x"| + 8100 b d* e* x* Log[c x"| + 2160 b d e* x° Log[c x"| +

360 ad®Log[d+ex] +882bd®nlLog[d+ex] +2160ad’ exLog[d+ex] +
5292bd>enxlog[d+ex] +5400ad*e?x?® Log[d+ex] +13230bd*e? nx®Log[d+ex] +
7200 ad3e®x3 Log[d+ex] +17640bd*>e>nx3 Log[d+ ex] + 5400 ad? e* x* Log[d + e x] +
13230bd%?e*nx*Log[d+ex] +2160ade’ x’ Log[d+ex] +5292bde’nx° Log[d+ex] +
360 ae®x®Log[d+ex] +882be®nx®Log[d+ex] +360bd° Log|[cx"| Log[d+ex] +
2160 b d® e x Log[c x"] Log[d + e x] + 5400 b d* e? x* Log[c x"| Log[d + e x] +

7200 b d® e® x* Log[c x"] Log[d + e x] + 5400 b d? e* x* Log[c x"| Log[d + e x] +

2160 bde® x* Log[c x"| Log[d +ex] + 360 be®x° Log[cx"| Log[d+ex] -18bn (d+ex)®

Log[X] (49+20Log[d+ex] -20Log[1+ ed_x]] +360bn (d+ex)®PolyLog|2, _ed_x])

Problem 65: Result more than twice size of optimal antiderivative.

st (a+blog[cx"]) 5
X

(d+ex)’

Optimal (type 3, 136 leaves, 3 steps):
bd*n 5bd3n 5bd?n

- + - +

30 e (d+ex)5 24 e (d+ex)4 9 eb (d+ex)3

5bdn S5bn x6(a+bLog[cx”}> bnlogld+ex]

+

6e6(d+ex)276e6(d+ex) 6d (d+ex)® 6de®

Result (type 3, 335leaves):
1

360 d e® (d+ex)6
(60ad5+137bd6n+360ad5ex+762bd5enx+906ad4e2x2+1725bd4e2nx2+1200ad3e3x3+

2000bd>e3>nx®+900ad?e*x* +1200bd*e*nx* +360ade®x* +300bde’nx>-60bn (d+ex)6
Log(x] +6@bd (d°+6d*ex+15d*>e?x? + 20d? &> x®> + 15d e* x* + 6 &> x°) Log[c x"| +
60bd®nlog[d+ex] +360bd°enxLlog[d+ex] +900bd*e’nx?Log[d+ex] +
1200bd>e3>nx3Log[d +ex] +900bd?e*nx*Log[d +ex] +

360bde®nx’®Log[d+ex] +60be6nx6Log[d+ex])

Problem 75: Result more than twice size of optimal antiderivative.

Log|*]
Jicd]x
c-x

Optimal (type 4, 10leaves, 1step):
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Polylog[2, 1- %}

Result (type 4, 27 leaves):

—Log[%} Log[l— E] —PolyLog[Z, E}

Problem 115: Result more than twice size of optimal antiderivative.

sz (a+bLog[cx”])2 4
X

(d+ex)4

Optimal (type 4, 161 leaves, 5steps):
bnx? (a+bloglcx"]) X3 (a+bLog[cx"])2 bnx (2a+bn+2bloglcx"])

+ + -

3de (d+ex)? 3d (d+ex)’ 3de? (d+ex)
e

bn(2a+3bn+2bloglcx"]) Log[1+ TX} 2b2n?Polylog|2, —E(TX]

3de3 3de3

Result (type 4, 612leaves):

(a+b (-nLog(x] +Log[cx"]))?

e3 (d+ex)

+

a’d+2abd (-nlog[x] +Log[cx"]) +b%d (-nLog[x] +Log[cx“])2 1

.
e3 (d+ex)2 3e3 (d+ex)3

(7a2d272abd2 (-nLog[x] +Log[cx"]) -b?d? (-nLog[x] +Log|c x”])z) +

xLloglx] _ Log[d+e X]
2bn (a+b (-nLog[x] +Log[cx"])) { drex = -
de?
ex (2d+ex) Log[x] - (d+ex) (-d+ (d+ex) Log[d+ex]) 1
+
de® (d+ex)? 6de’ (d+ex)’

+

(Zex (3d*+3dex+e?x?) Log[x] - (d+ex) (—d (3d+2ex) +2 (d+ex)2Log[d+ex]))

b? nz(

Log [X] (exLog[x} -2 (d+ex) Log[1+ ed_x]] -2 (d+ex) PolyLog|2, —e—}

de’ (d+ex)
1 5 5 e x
—(ex(2d+ex) Log(x]?+2 (d+ex)?Log[1+—] -2 (d+ex) Log[x]
de® (d+ex)? d
(ex+ (d+ex) Log[1+ﬂ]) -2 <d+ex)2PolyLog[2, —2]) +;
d d 3de3 (d+ex)3

ex (3d*+3dex+e?x?) Log[x]?+ (d+ex)?

ex+3 (d+ex) Log[1+ed—x]] - (d+ex)

Log [X] (ex (ad+3ex) +2 <d+ex)2Log[1+ed—X]J -2 (d+ex)’PolyLog|2, _ed_x]

|
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Problem 116: Result more than twice size of optimal antiderivative.

Jx <a+bLog[cx”])2d]
X

(d+ex)*

Optimal (type 4, 210leaves, 8 steps):
b2 n2 bn(a+bloglcx"]) bn (a+bloglcx"])
- +

+

3de? (d+ex) 3e2(d+ex)2 3de2(d+ex)

(aerLog[cx”})2 d (a+bLog[cx“])2 (a+bLog[cx“])2

. _ _
6 d? e? 3 e2 (d+ex)3 2e2(d+ex)2

bn (a+bloglcx"]) Log[1 + ed—x} ) b% n? Polylog|2, —ed—x}
3d2e2 342 e2

Result (type 4, 441 leaves):
1

6 d2 e? (d+ex)3
[a2d3+3a2dzex—2abdzenx+2b2d2en2x—2abde2nx2+4b2de2n2x2+2b2e3n2x3+
b>n? (d+ex)’Log[x]?+2abd’®Log[cx"| +6abd?exLog[cx"| -2b*d?enxLog|[cx"] -
2b?de?nx? Log[cx"| +b2d3Log[cx“}2+3b2d2exLog[cx“]2+2abd3nLog[d+ex} +
6abd’enxlog[d+ex] +6abde?’nx?Log[d+ex] +2abe*nx3Log[d+ex] +
2b2d®nlog|cx"| Log[d+ex] +6b>d’enxLog[cx"| Log[d+ex] +
6b?de’nx? Log[cx"| Log[d+ex] +2b?e’nx®Log[cx"]| Log[d+ex] -2bn (d+ex)?Log[x]

(a+bLog[cx“] +bnLlog[d+ex] —anog[1+e(TX]] +2b%n? (d+ex)3PolyLog[2, —edfx}

Problem 121: Result more than twice size of optimal antiderivative.

bL ny)3
J(a+ og[cx"]) ix

x (d+ex)

Optimal (type 4, 113 leaves, 4 steps):

Log[1+ %] (a+blog[cx"])? 3bn (a+bLog[cx”])2PolyLog[2, -4
ex e X

- + +

d d
6b2n? (a+blog[cx"]) PolyLog|3, —i] 6 b n® PolyLog|4, —:—x]

+

d d

Result (type 4, 243 leaves):
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1 nl)\3 nl\3
7(4Log[x] (a—anog[x]+bLog[cx” —4(a—anog[x}+bLog[cx]) Log[d+ex] +
4

6bn (a-bnLog[x] +bLog[cx”])2

e x e x
Log[x]2-2 (Log[x] Log[1 + 7] +Polylog|2, —7]]) -
4b’n” (-a+bnlog[x] -bLog[cx"])

Log[x]?

+

Log[x] -3 Log[lJr ecTXU -6 Log[x] PolyLog[Z, —edfx} +6PolyLog[3, —e?}

e x e x
b3 n3 (Log[x]“—4Log[x]3 Log[1+—] -12Log[x]?PolyLog[2, - — | +
d d

ex e X
24 Log[x] Polylog|3, —7] - 24Polylog |4, -7]])

Problem 134: Result unnecessarily involves higher level functions.

dx

J\/d+ex (a+bloglcx"])

X

Optimal (type 4, 211 leaves, 12 steps):

\/d \/d
-4bn+d+ex +4b\/?nAr‘cTanh[+7ex] +2b\/EnArcTanh[ﬂ}2+
Vd Vd
Vd
2+/d+ex (a+blog[cx"]) —ZﬁArcTanh[i} (a+bLog[cx"]) -
Vd
A/ d 2+/d 2+/d
4b\/?nArcTanh[+7eX} Log[L} -2b+/d nPolylog|2, 174}
\d Vd -+/d+ex d -+/drex

Result (type 5, 177 leaves):

1 1 1 1 1 1 d

bn+yd+ex —4Hyper‘geometricPFQH—f, -= == {= =) -]+
2 2 2 2 2 ex
1+ 4
ex
ZﬁArcSinh[—\L] Log[X]
d
2 [1+— Log[x] - Ve Vx +
ex Ve x
\Vd+ex

2+/d+ex (a-bnlog[x]+blog[cx"]) -2+/d ArcTanh| | (a-bnLog(x] +bLog[cx"])

Vd

Problem 135: Result unnecessarily involves higher level functions.

dx
2

J\/d+ex (a+blog[cx"])

X

Optimal (type 4, 221 leaves, 11 steps):
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rd+ex A/ d+ex 2
bndiex benArcTanh| o | benArcTanh| o ]

— + —

: /@ e
Vd+ex (a+bloglcx"]) eA"CTanh[%] (a+bloglcx"])
x : NES B
2benAr‘cTanh{%] Log{ﬁ%} benPolyLog[2, 1- —\Lﬁ%\%]
Vd Vd

Result (type 5, 193 leaves):

1

\/? l1+ix

ex

~-2b+/d nv/d+ex Hyper‘geometr‘icPFQHl, 1, 1}, {i,
2 2 2 2

bve nvx Vd+ex Ar‘cSinh[i] (1+Log(x]) -

Ve /x

Vd+ex

(\/?\/d+ex (a+bn+blog[cx"]) +exArcTanh| T
d

| (a-bnLog[x] +blog[cx"])

Problem 136: Result unnecessarily involves higher level functions.

dx

J\/d+ex (a+blog[cx"])

x3

Optimal (type 4, 298 leaves, 16 steps):

2 +/drex 2 /drex 12
bnvdiex 3ben drex 7be nArcTanh| e ]7be nArcTanh| N ] )
4x2 8dx 8d3/2 4d3/?
Nrrrs
Vd+ex (a+bloglcx"]) e+vd+ex (a+bloglcx"]) e’ ArcTanh | vdix | (a+bloglcx"])
- + +
2 x? 4dx 4 d3/2
beZnAr‘cTanh[@] Log[ézL} beZnPolyLog[z,l—L]
Vd Vd -/drex Vd -/drex
2d3/2 4 d3/2

Result (type 5, 208 leaves):
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1 3
-16bd*?n~/d + e x HypergeometricPFQ[{- =, =
2 2

9e? 1+i szrcTanh[ﬂ] (a-bnlog[x] +blog[cx"]) -
ex ﬁ

\d
9+/d+ex fbe3/2nx3/2ArcSinh[7
Ve Vx

\d 1+i (2d+ex) (a+bLog[cx”}) / 36 d3/2 1+i x?
eXx eXx

Problem 141: Result unnecessarily involves higher level functions.
J(d+ex>3/2 (a+bLog[cx"])

X

} Log[x] +

dx

Optimal (type 4, 255 leaves, 18 steps):

16 4 16 Vd+e
~“~“bdn+d+ex - —bn (d+ex)3/2+—bd3/2nAr‘cTanh[+7X} +

3 9 3 Ja
2bd3/2nAr‘cTanh[ﬂ]2+2d\/d+ex (a+bLogcx"]) +
Vd
2 (d+ex)?*? (a+bLog[cx"]) —2d3/2Ar‘cTanh[7d+ex ] (a+blog[cx"]) -
: e
4bd3/2nAr'cTanh[7'd+ex] Log[ ————— 2Vd | -2bd*?nPolyLog[2,1- ————— 2/d ]
\d Ad -+/d+ex Vd -Vd+ex

Result (type 5, 272 leaves):
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1 1 ex
——————bn+/d+ex |-3exHypergeometricPFQ[{-—, 1, 1}, {2, 2}, - — ] +
2 d
3 [1+&X
d
ex 1
2|lex [1+— +d[—1+ [1+— Log[x] | +
d
14+ 4
ex
1 1 1 1 1 d
bdn~/d+ex |-4HypergeometricPFQ[{-—, - =, - =}, {=, =}, -—] +

2 2 2 2 2 ex

ZﬁArcSinh[L] Log[x]
2 1+i Log[x] - Ve Vx. +
ex Ve Vx

E\/d+ex (4d+ex) (a-bnlog[x] +blog[cx"]) -

3
Vd+ex

2d*2 ArcTanh |
Vd

| (a-bnLog(x] +blog[cx"])

Problem 142: Result unnecessarily involves higher level functions.

d 32 bl n
J( +ex) (a+ og[cx])dlx

XZ

Optimal (type 4, 259 leaves, 14 steps):

~4ben+/d+ex —Mh’:bﬁenm‘ﬂanh[ Fx |+
X d

3b\/FenAr‘cTanh[d\/lex}z+3e\/d+ex (a+blog[cx"]) -
d

d 3/2 bL n
(drex)”” (a Og[CX])fB\/?eAr‘cTanh[ d\/fx} (a+bLog[cx”})f
X d

6b\/?enAr‘cTanh[ d+eX}Log[ 2Vd }fBb\HenPolyLog[z,l,%}

\d Jd -d+ex Jd -/d+ex

Result (type 5, 331 leaves):
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1 1 1 1 1 1 d
-————2b+e n'/d+ex |2+/e /x HypergeometricPFQ[{- =, - =, - =}, {=, =}, - —] -
2 2 2 2 2 ex
1+1X X
d d 1
Ve [1+— \/?Log[x] +\HAr‘csinh[L} Log[x] | - ———
e x e Vx d
1+— X
, 11 1, .3 3 d
b~/d n/d+ex ZWHypergeometrlcPFQ[{—, = b (= s - — ]+
2 2 2 2 2 ex

\/?\/IJ,\/?\/YAr‘cSinh[ Vd ] (1+Loglx]) | -
ex Ve \/x

(d-2ex) vVd+ex (a-bnLog[x] +bLlog[cx"])

X

3\/d7eAr‘cTanh[ﬂ} (a-bnLlog[x] +blLog[cx"])

Vd

Problem 143: Result unnecessarily involves higher level functions.

J<d+ex>3/2 (a+bloglcx"])

3

dx
X

Optimal (type 4, 293 leaves, 16 steps):

2 Vd+ex
bdn+/d+ex llben+yd+ex obe nAr‘cTanh[ Ja ]
- - +

4 x? 8 X 8\/d—

Jdiex 72
3be?nArcTanh| rjx} 3ey/drex (a+bloglcx")

4~/d 4x
(d+ex)3/2 <a+bLog[cx”]) 3e2Ar‘cTanh[%} (a+bLog[cx”])
2x? a~d
3be2nAr‘cTanh[ drex } Log[ 2:d } 3be2nPolyLog[2, 1. —2d }
Vd Vd -/drex Vd -drex
2Vd avd

Result (type 5, 270leaves):
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1 1 3 3 5 5 d
-16bd*?n~/d+ex HypergeometricPFQ|{-—, =, =}, {=, =}, - —] -
2 2 2 2 2 e X
36+/d /1+ed—X x2
) 11 1. .3 3 d
9(8b+/d enx+/d+ex HypergeometricPFQ[{ =, =, =}, {=, =}, - —] +
2 2 2 2 2 ex
d
be’2nx*2+/d+ex ArcSinh| Vd | (4+3Log[x]) +
Ve
d A/ d
1+ — 3e2x2Ar‘cTanh[i] (a-bnlog[x] +blog[cx"]) +
ex \/F
d Vd+ex (2ad+5aex+4benx+b (2d+5ex) Log[cx“])
Problem 148: Result unnecessarily involves higher level functions.
a+blog[cx"]
J— dx
x\d+ex
Optimal (type 4, 152 leaves, 7 steps):
2bnAr‘cTanh[@}2 2 ArcTanh [ dex | (a+bLloglcx"])
Vd B Vd ~
Vd Vd
4bnArcTanh [ ¥4 | Log[%] 2bnPolylog(2, 1- QZL}
Ja VE Adex ) Va dex
Vd Vd
Result (type 5, 132leaves):
1 d
——bn |1+ —
Vd+ex \ eXx
‘ 1 1 1 3 3 d ZV?\/?ArcSinh[Te;%] Log[x]
74Hyper‘geometr‘1cPFQ[{f, =, —}, {—, 7}J ,7] _
2 2 2 2 2 ex d

2Ar‘cTanh[3%] (a+b (-nLlog[x] +Log[cx"]))

Vd
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Problem 149: Result unnecessarily involves higher level functions.

X

Ja +bLog[cx"] 4
x2+/d+ex
Optimal (type 4, 226 leaves, 11 steps):
+ex cex 12
bnvd:ex benAr‘cTanh[%] benAr‘cTanh[%]

d x d3/2 - d3/2
Vd+ex
Vd+ex (a+bloglcx") +eAPcTanh[ s ) (a+bloglexn) )
dx d3/2
2benAr‘cTanh[@] Log[ézL} benPolylog[2, 1- L]
Vd \d -+/d+ex Ad -+/d+ex
d3/2 d3/2
Result (type 5, 191 leaves):
1 d 3 3 3 5 5 d
2bd*?n |1+ —— HypergeometricPFQ[{=, =, =}, {=, =}, - —] +
9d32x~/d+ex ex 2 2 2 2 2 ex

9be3/2n 1+i x3/2Ar‘cSinh[i} (1+Log[x]) —9\/?(d+ex) (a+bn+blog[cx"]) +
ex Ve \/x

9ex+/d+ex Ar‘cTanh[%] (a-bnlog[x] +blog[cx"])
d

Problem 150: Result unnecessarily involves higher level functions.

dx

Ja+bLog[cx”]
x3/d+ex

Optimal (type 4, 304 leaves, 16 steps):
Jdrex
bnydrex sbenydiex 7be?nArcTanh [ 72|

+ +

4d x? 8 d? x 8 d>/2

T 2
3be2nAr‘cTanh[%} \/m(aerLog[can)

- +

4d°'2 2dx?
2 Vdrex
3e/drex (a+bloglcx") 32 ArcTanh| ﬁ" | (a+blLoglcx"])
4.d? x 4 d5/2

3be?nArcTanh| djdjx ] LOg[ﬁiji} 3be2nPolylog|2, 1- ﬁ%}
— +tex - +e X

2d>/2 4 d5/2
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Result (type 5, 206 leaves):

d 1 5 5 7 7 d
-16bd*?n [1+ — Hyper‘geometr‘icPFQ[{f, = = {= =} -—] -
ex 2 2 2 2 2
d d
25 (3be*?n |1+ — XS/ZArcSinh[L] Log[Xx] +
ex e x

Vd (2d*-dex-3e*x?) (a+blog[cx"]) +

3e?2x?/d+ex ArcTanh[%] (a-bnLlog[x] +bLog[cx"]) / (100d5/2x2\/d+ex>
d

Problem 155: Result unnecessarily involves higher level functions.
Ja+bLog[cx”] dx

X (d+ex>3/2

Optimal (type 4, 201 leaves, 11 steps):

4bnAr‘cTanh[%} 2bnAr‘cTanh[%]2

+

d3/2 d3/2

2 (a+bloglcx"]) ZAPCTa”h[%} (a+bloglcx"])

d/d+ex d*/2
4bnAr‘cTanh[@] Log[ﬁL 2anolyLog[2, 1—%]
Ad —A/d+ex

\d -+/d+e x

d3/2 d3/2

Result (type 5, 185leaves):

-1|2|2bd*?n 1+i Hypergeometr‘icPFQHi, 5, 5}, {5, 5}, 7i] +
e x 2 2 2 2 2

9ex |b+/e n 1+i \/?Ar‘csinh[ﬂ} Log[x}—\/?(a+bLog[cx”})+
ex

\Jd+ex ArcTanh[%] (a-bnLog(x] +blog[cx"]) /<9d3/2exx/d+ex)
d

Problem 156: Result unnecessarily involves higher level functions.
Ja+bLog[cx”] dx

x2 (d+ex)3/2
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Optimal (type 4, 253 leaves, 15 steps):
+ex cex 12
bnvd:ex 5benAr‘cTanh[%} 3benArcTanh[%]

d2 X d5/2 d5/2

3e (a+blogicx"]) a+blog[cx"] 3eAr'cTanh[l:dejX}(a+bLog[an]>

- + +
d2~/d+ex dx~/d+ex d>2
6benAr‘cTanh{@] Log{—Z\L} 3benPolylog|2, 1—%]
\d \d -+/d+e x Ad -+/d+ex
d5/2 d5/2

Result (type 5, 186 leaves):

d 5 5 7 7 d
6bd>?n |1+ —— HypergeometricPFQ[{=, =, =}, {=, =}, - -
ex 2 2 2 2 ex
. d _ 35 7 d
5(2bd*?n |1+ —— Hypergeometric2F1| =, =, —, - —] (1+Log[x]) +
e x 2 2 2 e x

5ex |Vd (d+3ex)-3ex+/d+ex Ar‘cTanh[%]
d

a-bnlog[x] +blog|[cx" 25d°2ex?/d+ex
( [ex]) ||/ | v

Problem 210: Result unnecessarily involves imaginary or complex numbers.

st (a+blog[cx"]) 5
X

d+ex?
Optimal (type 4, 121 leaves, 6 steps):
bdnx? bnx* dx*(a+blog[cx"]) x*(a+bloglcx"])

+
4 e? 16 e 2¢e? 4e

d? (a+bloglcx"]) Log[1+ & ) bd?nPolylog[2, - ]
2¢e’ 4¢3

Result (type 4, 226 leaves):
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-8adex’+4bdenx’+4ae’x*-be’nx*-8bdex?Log[cx"] +

16 &3
4be?x*Log[cx"| +8bd?nLog(x] Log[1- ! X] +8bd?*nLog[x] Log[1+ jﬁx] +
Vd Vd
8ad’ Log[d+ex2] -8bd”nLog[x] Log[d+ex2] +8bd? Log{cx”] LOg[d+ex2} .

1V e 1vVe
lrx] +8bd*nPolyLog|2, ie x
Vd Vd

8bd’nPolyLog|2, -

]

Problem 211: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

JXB (a+blog[cx"])

d+ex?

Optimal (type 4, 83 leaves, 5steps):

exz]

bnx? x* (a+bloglcx") d(a+bLog[cx”])Log[1+eT"2} banolyLog[Z,—d

+ —

4e 2e 2 e? 4 e?

Result (type 4, 174 leaves):

1 1vVe X
-——|-2aex?+benx?-2bex’Log|[cx"| +2bdnLog[x] Log[1- iVe

4 e2 d
Ji\/?x
\d

|+

2bdnLog[x] Log|1+ | +2adlog|[d+ex?| -2bdnLog[x] Log[d+ex?] +

1\/?)(] +2bdnPolyLog|2, i Ve x

2bdlog[cx"| Log[d+ex?] +2bdnPolyLog[2, -
Vd Vd

]

Problem 212: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

JX (a+bloglcx"])

d+ex?

Optimal (type 4, 49leaves, 2 steps):

(a+bLloglcx"]) Log|1+ ed—xz} ) bnPolyLog|2, —ed—xz}
2e 4e

Result (type 4, 111 leaves):

: (a-bnlog[x] +blog[cx"]|) Log[d+ex?] +bn
2e
Log[x] Log[l—jl\/gx]+Log[1+jl X} +PolyLog[2,—jl X]+PolyLog[2, i\/gx}
Ve v va @
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Problem 213: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

a+blog[cx"]
J X (d+ex?)
Optimal (type 4, 49 leaves, 2 steps):

Log[1 + ed?} (a+bloglcx"]) bnPolylog|2, _:7]

- +

2d 4d

Result (type 4, 157 leaves):

]+

1 .
-—|-2alog[x] +bnlLog[x]%-2bLog[x] Log[cx”} +bnlLog[x] Log[l— ie x

2d Va
]'l\EX

e | +aLlog[d+ex?] -bnLog(x] Log[d+ex?| +
d

bnLog[x] Log|[1+

]'l\/?X Ji\/?x]

| +bnPolylog|2,

Vd Vd

bLog[cx"| Log[d+ex?| +bnPolyLog|2, -

Problem 214: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

Ja+bLog[c x"]

x3 (d+ex2)

Optimal (type 4, 83 leaves, 4 steps):
elog(1+ i} (a+bloglcx"]) benPolylog|2, - :7]

2

bn a+bloglcx"]
i

74dx2 2dx? 2d? 4 d?

Result (type 4, 217 leaves):
-a-b (-nlog[x] +Log[cx"]) elog(x] (a+b(-nLog[x] +Loglcx"]))

+

2d x2 d?
e (a+b (-nlLog[x] +Log[cx"])) Log|d+ex?]
+

2d?

1 Log ive x _@
b elog[x]? i " OZXZX e (Log[x] Log[1+ e | +PolyLog|2, e ])
n |- + + .

2d2 d 2d2

d

e (Log[X] Log|1- M%} +Polylog[2, tYex X})

2d?

Problem 215: Result unnecessarily involves complex numbers and more than



16 | Mathematica 11.3 Integration Test Results for 3.1.4 (f x)~"m (d+e x~r)~q (a+b log(c x~n))~p.nb

twice size of optimal antiderivative.

X

a+blo n
J + g[cx]dl

x> (d+ex2)

Optimal (type 4, 121 leaves, 6 steps):
bn ben a+blog[cx"] e (a+bloglcx"])

_ N _ N _
16dx* 4d?>x? 4dx* 2d? x?
d d
e?Log[1+ ;] (a+bLloglcx"]) ) be?nPolylog|2, —;]

2d3 443

Result (type 4, 276 leaves):
-a-b (-nlog[x] +Log[cx"])

+

4d x4
e(a+b(-nlog[x] +Log[cx"])) e?Log[x] (a+b (-nLog[x] +Log[cx"]))
. _
2 d? x? d?
e? (a+b (-nLog[x] +Log[cx"])) Log[d +ex?] ) e2 Log[x]? *1;7*%%
+bn + -
2d3 2d3 d

1 Logixl 2 (L Log|1 4 iYex
e [-;h - o) e [loglx) Log[1 s 2

_1ve x
+PolyLog|2, e ])

*]
d? 2d3
2 _ivex ive x
e (Log[x} Log[1 s | +PolyLog|2, e ])

2d3

Problem 221: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

jxs (a+blog[cx"]) 5
X

(d+ex2)2

Optimal (type 4, 129leaves, 7 steps):
bnx? x?(a+blog[cx"]) dx*(a+bloglcx"])
- + +

42 2e? 22 (d+ex2)

bdnlog[d+ex?] d (a+bLloglcx"]) Log[1+ed—"2] bdnPolyLog|2, —ed—xz}

4¢3 e3 2e3

Result (type 4, 426 leaves):



_4e3 (d+ex2)

Problem 222: Result unnecessarily involves complex numbers and more than

Mathematica 11.3 Integration Test Results for 3.1.4 (f x)~"m (d+e x~r)~q (a+b log(c x~n))p.nb

1
2ad’-2adex’?+bdenx?*-2ae?x*+be?nx*-2bd*nlog[x] -

2bdenx?Log[x] +2bd?Log[cx"] -2bdex?Log[cx"] -2be?x*Log[cx"] +

4bd*nlog[x] Log[1l- H\EX} +4bdenx?Log[x] Log[1- ]H/?X] +
Vd Vd
]'IN/?X Ji\/?x

4bd*nlog[x] Log[1+ | +4bdenx?Log[x] Log[1+

Vd Vd
4ad’Log[d+ex?] +bd’nLog[d+ex?| +4adex?Log|d+ex?]| +
bdenx?Log[d+ex?| -4bd?nLog[x] Log[d+ex?] -4bdenx?Log[x] Log[d+ex?| +
4bd?Log[cx"| Log[d+ex?| +4bdex?Log[cXx"| Log[d+ex?] +

].H/FX] +4bdn (d+ex?) Polylog|2, iVe x
Vd Vd

4bdn (d+ex?) Polylog[2, -

]

twice size of optimal antiderivative.

J

x> (a+blog[cx"])

dx
(d+ex2>2

Optimal (type 4, 95leaves, 6 steps):

x> (a+blog[cx"]) bnlog[d+ex?] (a+bLloglcx"]) Log[1+ ed_xz] bnPolyLog|2, -

ex

2

+ + +
2e(d+ex2) 4 e2 2 2 4 e2

Result (type 4, 336 leaves):

1

4 2 (d+ex2)

2ad-2bdnlog[x] -2benx*Log(x] +2bdLog[cx"] +2bdnLog[x] Log[1- lﬁx] N
Vd
2benx?Log[x] Log[l— l\/?x] +2bdnLog[x] Log[1+ 1\/?)(] n
Vd Va
ive x

2benx?Log[x] Log[1+ | +2adlog[d+ex?| +bdnLog[d+ex?] +

Vd

2aex?log[d+ex?] +benx?Log[d+ex?| -2bdnLog[x] Log[d+ex?] -

2benx?Log(x] Log[d+ex?| +2bdLog[cx"| Log[d+ex?| +2bex?Log[cx"] Log[d +ex?] +

i\/FX} +2bn (d+ex?) Polylog|2, i Ve x
Vd Vd

2bn (d+ex?) Polylog[2, -

]

| 17
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Problem 224: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

X

a+blo n
J + g[cx]dl

X (d+ex2)2

Optimal (type 4, 82leaves, 3 steps):
Log[1+ed?} (2a-bn+2bloglcx"]) anolyLog[Z,—ed?]

- +

2d(d+ex2) 4 d2 4 d2

a+blog[cx"]

Result (type 4, 401 leaves):
.
4d* (d+ex?)

-2ad-4adlog[x] +2bdnlog[x] -4aex?Log[x] +2benx?Log[x] +2bdnlLog[x]?+

2benx?Log(x]?-2bdLog[cx"] -4bdLog[x] Log[cx"] -4bex?Log[x] Log[cx"] +

2bdnlog(x] Log[1- ]H/?X] +2benx*Log[x] Log|1- lﬁx} +
Vd Vd
]'l\/EX i\/?x

| +2benx?Log[x] Log[1+ | +2adLog[d+ex?] -
Vd Vd

bdnlog[d+ex?] +2aex?Log[d+ex?| -benx®Log[d+ex?| -2bdnLog(x] Log[d+ex?] -
2benx?Log(x] Log[d+ex?| +2bdLog[cx"| Log[d+ex?| +2bex?Log[cx"] Log[d+ex?] +

j\/?x] +2bn (d+ex?) Polylog|2, j\/?x]
Vd Vd

2bdnLog(x] Log[1+

2bn (d+ex?) Polylog[2, -

Problem 225: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a+blog[cx"
J+ gl ]dlx

x3 (d+ex2)2

Optimal (type 4, 126 leaves, 5 steps):
bn a+blog(cx"] 4a-bn+4blog[cx"]
- " -
2d?2x?  2dx? (d+ex?) 4 d? x2

+

elog[1+ %] (4a-bn+4blog[cx"]) benPolylog|2, -4
ex

2 eXZ

4d3 2d3

Result (type 4, 337 leaves):
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1
4493
2ad bdn 2ade ib~/d enlog[x] ib~/d enLog[x]
+ + +8aelog[x] -2benlLog[x] - + -
x? x> d+ex? —i+d +e x ivd ++e x
2bd L 2bdlL n 2bdel n
2bdenlogiX] ,yenlogx)?+ oglcxT] | €LoglcX] | gbeLog(x] Log[cx"] -
d+ex? x2 d+ex?
1ve X ivVe X
4benlog[x] Log[l—l\/— ]—4benLog[x} Log[1+l\/— ]—4aeLog[d+ex2}+
Vd Vd
benlog(d+ex?| +4benLog(x] Log[d+ex?| -4belog|[cx"| Log[d+ex?] -
LvVe X LvVe X
4benPolyLog[2,—lr | ~4benPolyLog|2, ie ]
Vd Vd

Problem 227: Result more than twice size of optimal antiderivative.

sz (a+bloglcx"]) 5
X

(d+ex2)2

Optimal (type 4, 164 leaves, 14 steps):

bnAr‘cTan[%} Ar‘cTan[%] (a+bloglcx"])

X (a+bloglcx"])

_ + _
2+/d e32 2e (d+ex2> 2+/d e3/2
. i . i+
i anolyLog[Z, - &X} ) i anolyLog[Z, V;X}
4+/d e3/2 4+/d 32

Result (type 4, 391 leaves):
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x (a+b (-nlLog[x] +Log[cx"])) APCTa”[%] (a+b (-nLog(x] +Log[cx"]))

- + +
2e (d+ex?) 2+/d e32
ArcTan{&]
\d , ilogix] _ Log[x] 3 i Log[d+e x?]
Vd Ve Vd e o Ve (-ivd e x) 2+/d e
bn +
4e
Ar‘cTan{&}
a © ilog[x] _ Log[x] . i Log[d+e x?]
Ve Nave e (ivanlex)  2vd Ve
4e

i (Log[X] Log[1+ %} +Polylog[2, 7@])

\d
4~d e

i (Log[x] Log[1 - D%} +PolyLog|2, D\/?])

4-/d e3/2

Problem 228: Result more than twice size of optimal antiderivative.

dx

Ja +bLog[cx"]
(d+ex?) 2
Optimal (type 4, 164 leaves, 7 steps):

bnAr‘cTan[@] Ar‘cTan[%} (a+bLoglcx"])

T X (a+bLog[cx”})
_ N N _
2d32+/e 2d (d+ex?) 2d32+[e
. i/ . ive x
i bnPolylog[2, - J;X} ) i bnPolylog[2, \/;X}
4ad>2e ad>2e

Result (type 4, 391 leaves):
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x (a+b (-nLog[x] +Loglcx"])) ArcTan[%} (a+b (-nLog(x] +Log[cx"]))

+ +
2d (d+ex?) 2d32+/e
Ar‘cTan{&}
Ja -, iloglx] _ Log[X] _ i Log[d+e x?]
] VEVe V@ ve e [avdelex)  2Vd Ve
n |- _
4d
Ar‘cTan{&}
a © ilog[x] _ Log[x] . i Log[d+e x?]
VTVe A ve Ve (ivawex|  24d Ve
4d

i (Log[X] Log[1+ %} +Polylog[2, 7@])

v
4d32+fe

i (Log[x] Log[1 - D%} +PolyLog|2, D\/?])

4d¥2+/e

Problem 229: Result more than twice size of optimal antiderivative.

bL n
Ja+ oglcx"] dx

x2 (d+ex2)2

Optimal (type 4, 183 leaves, 8 steps):

/ Ve X
3bn a+blog[cx"] 3a-bn+3blog[cx"] eAr‘cTan[ﬁ](3afbn+3bLog[cx“})
- + - - +
2d?x  2dx (d+ex?) 2d?x 2d>/2

. i/ . i
31b\EnPolyLog[2, - &X} 31b\/?nPolyLog[2, &X}

4d5/2 4d5/2

Result (type 4, 398 leaves):



22 | Mathematica 11.3 Integration Test Results for 3.1.4 (f x)~"m (d+e x~r)~q (a+b log(c x~n))~p.nb

1 4a\/? 4b\/?n 2ax/?ex

4 .d5/2 X X d+ex?

e x Ve x

b\/?\/?nLog[x]
n

]

6a+/e ArcTan| | +2b+/e nArcTan]|

Vd Vd i e x
b+v/d Ve nlog[x] +2b\/?enxLog[x} +6b\EnAr‘cTan[\/?X] Lo (x| -
i/d +vVe x d+ex? Nry
4b+/d Log[cx"] - 2b+/d exLog[cx"] beEAPcTan[\/?X] Log[cxn} .
X d+ex? Jd
3ibve nloglx] L°g[1‘lﬁx]+3ib\/?nL0g[X] Log[1+lﬁx}+
vd Jd
ive x

]

3ib+/e nPolylog|2, - JHEX} -3ib+/e nPolyLog|2,
Vd Vd

Problem 231: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

st (a+blog[cx"])
(d +e X2> 3
Optimal (type 4, 152leaves, 10 steps):

bdn bnlog[x] d*(a+bloglcx"]) x?(a+blog[cx"])
N _
e? (d+ex?)

+

8e3 (d+ex2) 4¢3 4 3 (d+ex2)2

3bnLog[d+ex?] (a+bLloglcx"]) Log[1+ edi] bnPolyLog|2, _edl]
+ +

8el 2e3 4¢3

Result (type 4, 553 leaves):
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1 2 2 2 2 2 2
6ad +bd n+8adex“+bdenx“-6bd nlLog[x] -12bdenx* Log[x] -
8e3 (d+ex2)2

6be’nx*Log[x] +6bd?Log[cx"| +8bdex?Log[cx"| +4bd?nLog[x] Log[1 - ]H/?X] +
Vd
8bdenx®Log[x] Log[1- M/FX] +4be’nx*Log[x] Log[1- Jl\/?X] "
Vd Ja
4bd?nLlog[x] Log[1+ l\/gx] +8bdenx?Log[x] Log[1+ 1\/?)(] .
va ¥e)

j@x
Vd
8adex?Log[d+ex?| +6bdenx?Log[d+ex’| +4ae?x*Log[d+ex?| +3be?nx*Log|d+ex?| -

4bd*nlog(x] Log[d+ex?| -8bdenx?Log[x] Log[d+ex?| -4be?nx*Log[x] Log[d+ex?] +
4bd?Log[cx"| Log[d+ex?] +8bdex?Log[cx"] Log[d+ex?| +4be”x*Log[cx"| Log[d+ex?] +

]IH/?X] +4bn (d+ex2)2PolyLog[2, ].HEX}
Vd Vd

4be?nx*Log[x] Log[1+ | +4ad?Log[d+ex?| +3bd*nlog[d+ex?| +

4bn (d +ex2>2 PolyLog[2, -

Problem 234: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a+blog[cx"
J+ g[X]le

X (d+ex2)3

Optimal (type 4, 115leaves, 4 steps):

a+bloglcx"] Log[1+ ;7} (4a-3bn+4bloglcx"])

+

4d (d+ex?)? 8 d

d
4a-bn+4bloglcx"] bnPolylog|2, ‘J]
+

8d? (d+ex?) 443

Result (type 4, 444 leaves):



24 | Mathematica 11.3 Integration Test Results for 3.1.4 (f x)~"m (d+e x~r)~q (a+b log(c x~n))~p.nb

1 bdn bdn 4 ad? 8ad
- + - - -16alog[x] +12bnlLog[x] -
16d® |d-i+/d Ve x d+id Ve x (d+ex?)? d+ex?
bdn Log[x] bdnLog[x] 5ib+d nLog[x] 51b+/d nlog[x]
- + - +

(\/?—J’l\/gx)z (\/?Jr]'l\/?x)z —Ji\/?+\/?x Jl\/?+\/?x
4bd?’nlog[x] 8bdnlLog[x] , 4bd’Log[cx"] 8bdLog[cx"]
+ +8bnLog[x]“ - -

(d+ex2)2 d+ex? <d+ex2)2 d+ex?
ie x
Vd

16 b Log[x] Log[cx"| +8bn Log[x] Log|[1 - @] +8bnLog(x] Log[1+ |+
8alog[d+ex?| -6bnlLog[d+ex?| -8bnLog[x] Log[d+ex?] +

]H/?X] +8bnPolylog|2, i Ve x
Vd Vd

]

8blog|[cx"] Log[d+ex?] +8bnPolylog|2, -

Problem 235: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

Ja+bLog[c x"]

x3 (d+ex2)3

Optimal (type 4, 162 leaves, 6 steps):
3bn a+bloglcx"] 6a-bn+6blog[cx"] 12a-5bn+12bLlogfcx"]
N _

+

+

432 4d x2 (d+ex2)2 8 d2 x2 (d+ex2) 8 d3 x?
eLog[1+ed7] (12a-5bn+12blog[cx"]) 3benPolylog|2, _:7]
8 d4 ) 4d*

Result (type 4, 468 leaves):
i \/? X
Vd

4ad®>+2bd®n+18ad?’ex?+3bd’enx?+12ade?x*+bde?nx*-

24benPolylog|2, - |-

16 d*

2

x2 <d+ex2)2
12benx? (d+ex?)?Log[x]2+4bd®Log[cx"| +18bd*ex? Log[c x"] +
12bde?x* Log[cx"]| -12ad*ex?Log[d+ex?| +5bd*enx? Log|d + e x?] -
24ade’x*Log|d+ex?| +10bde?nx*Log[d+ex?| -12ae®*x® Log[d+ex?| +
5be’nx®Log[d+ex?| -12bd?ex? Log[cx"| Log[d+ex?] -
24bde?x* Log|cx"| Log[d+ex?| -12be®x® Log[c x"| Log[d + e x?] +

2ex? (d+ex?)® Log[x] 12a75bn+12bLog[cx”}76anog[1fj\/?X]f6bn
Vd
Log[1+jﬁx]+6anog[d+ex2} -12benx? (d+ex2)2PolyLog[2, ]H/?X] J
Vd Vd
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Problem 236: Result more than twice size of optimal antiderivative.

Jx“ (a+blog[cx"]) 5
X

(d+ex2>3

Optimal (type 4, 211 leaves, 24 steps):

Ve x
bn x b”APCTan[&} dx (a+blog[cx"]) 5x (a+bloglcx"])
- + + - +
8e? (d+ex?) 2+/d e5/2 4 e2 (d+ex2)2 ge? (d+ex?)
3Ar‘cTan[%] (a+bLloglcx"]) ) 3ibnPolyLog|2, —M%} ) 3ibnPolylog|2, b%}
8+/d e®2 16+/d e 16+/d e%2
Result (type 4, 509 leaves):
1
16e5/2
e X e X
bn ) bn +4ad\/zx_1ea\/?x+6aAr‘cTan[L\/di]+8bnArcTan[Lﬁ]_
ivd -ve x i+Vd +ve x (d+ex?)? drex? \d \d

Jib\/d_nLog[x] Jib\/FnLog [x] 5bnlLog[x] 5bnLog[x] 4bd\/?nxLog[x]
n _

(\/F—j\/?x)z (\/d—+1 )2 ~i+vd +vVe x i+d ++e x (d+ex2)2

+

e X

10b+/e nxLog[x] 6bnAr‘cTan[ Nes | Logx 4bd\/?xLog[cx”]

d+ex? \d (d+ex2)2

Ve x : _ive x
10b+/e xLoglcx"] 6 b ArcTan | TS ] Loglcx"] 3ibnLoglx] Log[1 Nes ]
+ + -

d+ex? Vd Jd

3ibnLlog[x] Log[1+%] ) 31 bnPolylog|2, -M%] + 31 bnPolylog|2, LIVZ*X]
Vd Vd Vd

Problem 237: Result more than twice size of optimal antiderivative.

sz (a+blog[cx"]) :
X

(d+ex2>3

Optimal (type 4, 187 leaves, 19 steps):
b n x x (a+bloglcx"]) x (a+bLloglcx"])
+

8de(d+ex2) 4e(d+ex2)2 8de(d+ex2)

Ve x - ive x - ive x
ArcTan | WX] (a+bloglcx"]) ibnPolylog|2, - ﬁx] ibnPolylog|2, ﬁx]
8 d3/2 e3/2 16 d3/2 e3/2 16 d3/2 e3/2
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Result (type 4, 589 leaves):
1

16 d3/2 e3/2 (d +ex2)2

X
—2ad3/2\/?x+2bd3/2\/?nx+Za\/?e3/2x3+2b\/?e3/2nx3+2ad2Ar‘cTan[ |+
Vd
2 X 2,4 X 2 X
4adex Ar‘cTan[ ]+2ae X Ar‘cTan[ }—Zbd nAr‘cTan[ }Log[x} -
Vd Vd Vd

\/?X]Log[x}—zbeznx“Ar‘cTan[ X]Log[x]—

Vd Vd

zbdmﬁxLog[c x”] +2b+/d e32x3 Log[c x”] +2bd2Ar‘cTan[

4bdenx2Ar‘cTan[

77 | Log[ex"] +

4bdex*ArcTan| X] Log[cx"] + 2be?x* ArcTan | X] Log[cx"] +

vd Jd
ibd”nlog(x] Log[1- lﬁx] +2ibdenx’Log(x] Log[1- M/FX} N
vd Jd
ibe?nx*Log[x] Log[1- 1\/?)(} -ibd*nlog[x] Log[1+ 1\/?)(} _
Vd va

2ibdenx’Log[x] Log[1+ JH/FX} -ibe?nx*Log[x] Log[1+ 1\/?)(] -

vd Va

ive x ie x

ibn (d+ex2>2PolyLog[2, - | +ibn (d+ex2)2PolyLog[2,

Vd Vd |

Problem 238: Result more than twice size of optimal antiderivative.

dx

Ja+bLog[c x"]

(d+ex2>3

Optimal (type 4, 210leaves, 10 steps):

bnAr‘cTan{%}

bnx x (a+bloglcx"]) 3x(a+bloglcx"])
+ +

8 (d+ex?) 2052 /e 4d (d+ex)? 82 (d+ex?)

+

3ArcTan[%] (a+bLoglcx"]) ijnPolyLog[z,_M\/;x} 3ibnPolylog|2, ilr;/: x]

- +

8d>2+/e 16d5/2+/e 16d5/2 /e
Result (type 4, 533 leaves):
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1 b+/d n b+d n 4ad3?x
- - + +
16 d>/2 ~i+/d Ve +ex i+/d Ve +ex (d+ex2)2
e X e X
e.)a\/?x+6aAr‘cTan[L\/(T ] _SbnAr‘cTan[L\/(T ] ) ibdn Log[x] )
drext Ve Ve Ve (VE +ive K’

ibdnLog[x] 3b+/d nLog[x] 3b+/d nLog[x] 4bd*2nxLog[x]
+ + -
\/?(]'].\/?+\/?X)2 —ivd Ve +ex i+d Ve +ex (d+ex2)2

e X
6b/d nxLog[x] 6bnAr‘cTan{Lﬁ | Log[x]

4bd3?xLog[cx"]
+ +

d+ex? Je (d+ex2)2
Ve x : ive x
6b+/d xLog[cx"] 6bAr‘cTan[ﬁ}Log[cx“] 3ibnlogix] Log[1- Nes ]
+ + _
d+ex? Ve Ve
3ibnl Log[1++Y{eX] 3jbnPolylog[2, - *Y2X] 3ibnPolylog[2, LY
ibnLog[x] og[+ﬁ]_1noyog[ ﬁ]+1noyog[ ﬁ]
Ve Ve Ve

Problem 239: Result more than twice size of optimal antiderivative.

a+blog[cx"
J+ g[X]le

x2 (d+ex2)3

Optimal (type 4, 219leaves, 9 steps):
15bn a+blog[cx"] S5a-bn+5blog[cx"]

_ N N _
8d°x  4dx (d+ex?)? 8d?x (d+ex?)
Ve x _ n
15a-8bn+15b Log[c x] V?Ar‘cTan[ﬁ}(lSa 8bn+15bLoglcx"])
8 d3 x ) 8 d7/2 *

15ib+e nPolylog|2, Jlrjx] 15i b+/e nPolyLog|2, ﬁ%}

16 d7/2 16 d7/2

Result (type 4, 591 leaves):
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1 16a+/d 16b+/d n bd e n ibd+e n 4ad32ex
- - +

+ — —

16 d7/2 X X ivd +ve x d+ivdex (drex?)’

14 d 1 bd L
ijfwa\/?ArcTan[ eX}+16b\/?nAr‘cTan[\Ex}+]l Ve n og[xz]i
d+ex \d Ad (\/ﬁfj@x)
ibd+/e nLog[x] 7b+/d ‘e nLog[x] 7b+/d e nLog[x] 4bd32enxLog[x]

- - + +
(\/?J,jlﬁx)z —i/d ++e x ivd ++e x (d+ex2)2
14b+/d L 16b+d L n
Vd enx o8 [x] +30b\/?nAr‘cTan[ € X] Log[x] - Vd oglcx] _
d+ex? Jd X
4bd*?exlL n 14b+/d L n
exloglcxl] Vd exLog[cx'] —30b\/?Ar‘cTan[ | Log[cx"]
(d+ex?)? d+ex? Jd
15ib+/e nLog[x] Log[l—l\/gx]+15i1b\/?nLog[x] Log[1+l\/gx}+
Vd Vd
151‘1b\EnPolyLog[2, —l\/?x] —151‘1b\EnPolyLog[2, I\EX}
Vd Vd

Problem 240: Result more than twice size of optimal antiderivative.

a+blog[cx"
J + gl ]dlx

x4 (d+ex2)3

Optimal (type 4, 260 leaves, 11 steps):
35bn 35ben a+blog[cx"] 7a-bn+7blog[cx"] 35a-12bn+35blog[cx"]
i _

- + +
72d3x3  8d*x  4dx3 <d+eX2)2 8d? x3 (d+ex2) 24 d3 x3

+

3/2 Ve x
e (35a-12bn+35bloglcx"]) © ArcTan | o | (35a-12bn+35blog[cx"])
+

8 d* x 8 d%/2

351ibe*2nPolylog|2, —%] 351 be*2nPolylog|2, %]

+

16 d9/2 16 d9/2

Result (type 4, 645 leaves):
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1 48ad3?2 16bd32n 432a~/d e 432b~/d en 9ibde32n 9ibde32n
- - + +

+

- +
144 d°/2 x3 x3 X X d-i+d Ve x d+i+d Ve x

36ad3/2e? 198 a+/d e?
X, X+630ae3/2Ar'cTan[ X]7216be3/2nArcTan[ X]f
(d+ex?)? d+ex? \/d \/d

9ibde¥2nlog[x] 9ibde32nLog[x] 99b-~/d e¥2n Log[x]
+ +
(Vd-ive x|’ (Vd-ive x| i d e x
99b+/d e¥2nlLlog[x] 36bd32e2nxlog[x] 198b-+/d e2nxLog[X]

ivd +Ve x (d+ex2>2 d+ex?

48bd3¥2Log[cx"] 432b-/d eloglcx"]
+

+

+

X
| Log[x] -

630 b e®’2nArcTan|
NS < x

36 bd3/?2e?x Log[cx" 198 b+/d e? x Log[c x" X
glexl + Vd gl ]+630be3/2Ar‘cTan[ | Log[cx"] +

(d+ex2)2 d+ex? \H

“EX} -315ibe*2nlog[x] Log[1+ ive x
Vd Vd
]'l\/?X Ji\/?x]

| +315ibe*2nPolylog|2,

Vd Vd

] -

3151 be*?nLog[x] Log[1 -

315 i be*?nPolylog|2, -

Problem 242: Result more than twice size of optimal antiderivative.

x Log| ﬁ]
. c- dx
J c - x?
Optimal (type 4, 16leaves, 2 steps):
1 X2
~ Polylog[2, 1- —|
2 c
Result (type 4, 37 leaves):

1 X2 X2 1 X2
-— Log[f] Log[l— 7] - fPolyLog[Z, 7]
2 C C 2 C

Problem 247: Result unnecessarily involves imaginary or complex numbers.

2

dx

J(a+bLog[cx“])

(d+ex2)2

Optimal (type 4, 509 leaves, 16 steps):

| 29
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x(aerLog[cx”])2 x<a+bLog[cx“])2
+

a(-d)(Vd ex) ala)p(vaex|

bn (a+bloglcx"]) Log[1- @dx] (a+bLog[cx”})2Log[17@dx]

2(-d)¥2 e 4(-d)** e
bn(a+bloglcx"]) L08[1+%] ) (a+bLog[cx"}>2Log[1+%]
2 (-d)*?e a(-d)*?e
2 n2 Ve x e x - Jex
b*n* PolyLog|2, -7 %" . bn (a+blog[cx"]) Polylog[2, -3 2X] . b n?PolyLog[2, * ]
2(7d>3/2\5 2<7d>3/2\/? 2<—d>3/2\/?
bn (a+blog[cx"]) Polylog|2, @dx} ) b?n? Polylog|3, 7%} ) b2 n? PolyLog |3, %]
2<—d>3/2\/? 2<—d>3/2\/? 2(—d)3/2\/3

Result (type 4, 666 leaves):
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1 2dx<a—anog[x]+bLog[cx"}>2

4 d? d+ex?

+

ZﬁArcTan[%] (a-bnlLog[x] +blog[cx"])?

1
N
Ve Ve (d+ex?)
Zbﬁn(—a+anog[x}—bLog[cx”]) 2dArcTan| X]+2ex2Ar*cTan[ X]_
Vd Jd
2+/d /e xLog[x] - idLog[x] Log[1 - jl\/gx] -iex?Log[x] Log[1- i\/?x] +
Vd Vd
idLog[X] Log[1+jﬁx}+jex2Log[x} Log[1+ @]Jr
Vd Vd

i (d+ex?) PolyLog|2, - Ve X] -1 (d+ex?) Polylog|2, j\/?x] +

Vd )

i _ivex ; 2 _ive x

2 xLog[x]2+xLog[x}2_ZIWLOg[)q Log[1 e ] +1\/?Log[x] Log[1 i ] )
1_1‘1 e x 1+J‘1 e x \/? \/F
Vi Ja
2i+/d Log(x] Log[1+ M\%] ) Ji\/?Log[x]zLog[1+—Ll\;X] )
Ve Ve
2i+/d (-1+Log| ])PolYLog[Z,—M%] 2i+/d (-1+Log[x]) PolyLog|2, %@} +
Ve Ve
214 +/d Polylog|3, —E%] ) 21i+/d Polylog|3, —\Lﬂr:X]
Ve Ve

Problem 248: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bLog[cx”])3

(d+ex2)2

Optimal (type 4, 711 leaves, 20 steps):
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3bn (a+bLog[cx”])2Log[17@]

x(a+bLog[cx”])3 x(a+bLog[cx”])3 e
+ + _
4 (-d)?? (\/-_—\/?x) 4 (-d)*? (\/T+@x) 4 (-d)>?e
(a+bL0g[CX“})3'—08[1‘%] _3bn (a+bloglcx"])?Log[1+ de} +
4(—d)3/2£ 4<—d>3/2\/F
(a+bLloglcx"])’ Log|[1+ %] ) 3b2n2 (a+blog[cx"]) Polylog[2, _%} +
4(—d)3/2\/? 2(—d)3/2\/?
3bn (a+blog[cx"])?Polylog|2, %} + 3b2n? (a+blog[cx"]) PolyLog|2, Lﬂ )
4(—d)3/2\/? 2(—d>3/2\/?
3bn (a+bLog[cx"))?PolyLog[2, =] ) 3% n’ PolyLog 3, - Y]
4 (—d)3/2\/? 2 <—d>3/2\/?

3b%n? (a+blog[cx"]) PolyLog|3, —3\%} 3 b3 n®Polylog|3, %]

2(—d)3/2\/? 2(—d)3/2\/?

3b*n? (a+blog[cx"]) PolyLog|3, 3\%} 3b3n®Polylog|4, - %] 3b3n® Polylog|4,

3

+

2 (-d)*2 /e 2(-d)2e  2(-d)e
Result (type 4, 1104 leaves):

1 2dx<a—anog[x]+bLog[cx“}>3

— +

4 d2 d+ex?
Z\WArcTan[%] (a—anog[x}+bLog[cx”])3+ 1
Ve \/?(d+ex2)
B»b\/Fn(a—anog[x]erLog[cx””2 -2dArcTan| X}—ZeszrcTan[ X}+
ya @
ZH\ExLog[x} +1dLog[x] Log[l— j\/gx] +1ex?Log[x] Log[l— j\/gx] -
e} va
idLog[X] Log[l+j£x}fjex2Log[x} Log[1+jﬁx],
i @
i (d+ex?) PolyLog|2, - ].HEX] +1i (d+ex?) Polylog|2, jm/gx] +
7a e
Zj\HLog[x] Log[l—@]

xLog[x]%? xLog[x]? Nrs
+

3b>n? (a-bnlog[x] +bLlog[cx"])

171'1 e X 1+Ji e X 1/e
\d \d
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. 2 _ive x . ive x
Jl\/?LOg[X} Log[l s ] le/?Log[x] Log[ Nes ]

N _
Ve Ve
i+/d Log[x]2Log[1+ M%] ) 2]1\/7( 1+Log(x]) Polylog|2, M%] )
Ve Ve
2i+/d (-1+Log[x]) PolyLog|2, M%}
Ve
2i+/d PolyLog|3, —M%] ) 2i+/d PolyLog|3, ﬁﬁx] )
Ve Ve
3 3
ib3n3 e xLog[x] +\ExLog[x} —31‘1\/?Log[x]2Log[1f e x] .
\/? 1_ ive x 14 e x \/?
Vd Vd
i+/d Log[x]®Log[1- “EX} +3]1\HLog[x]2Log[1+l\/?X] -
Vd Vd
i+d Log[x]> Log[1+ ]HEX} -3i+/d (-2+Log[x]) Log[x] PolyLog[2, —]H/?X] +
Vd Vd
3i+d (-2+Log[x]) Log[x] PolyLog[2, ]H/?X] -61i+/d Polylog|3, —lﬁx] +
Vd Vd
6i+/d Log[x] PolyLog|3, —]H/FX] +61i+/d PolyLog|3, l\/?x] -61i+/d Log[x]
Vd Vd
]l\/?X Ji\/?x ]l\/?X

]

| -61i+/d PolylLog|4, - | +61i+/d PolyLog|4,

PolyLog|3,
Vd Vd Vd

Problem 254: Result unnecessarily involves higher level functions.

J\/d+ex2 (a+bloglcx"])

X

dx

Optimal (type 4, 220 leaves, 12 steps):
~/ 2 ~/ 2
~bn+/d+ex? +b\/?nAr‘cTanh[&] +lb\/d_nAr‘cTanh[&]2+

N Ve
{\/d+ex \/—Ar‘cTanh[ d-ex’ ] (a+bLog[cx“”—
\d
b+/d nArcTanh| rext | Log[ —————— 2V/d ]71b\/?nPolyLog[2, 1- 2Vd

Jd VT Adred 2 Jd drex
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Result (type 5, 203 leaves):

1 1 1 1 1 1 d
—————bn+/d+ex® |-HypergeometricPFQ[{-—, - =, - =}, {=, =}, - ——] +
2 2 2 2 2 e x?
1+ %
ex
ﬁAr‘cSinh{—*@] Log[X]
1+ Log[x] - Ve x +
ex? Ve x

\Jd+ex? (a-bnlog[x] +bLlog[cx"]) ++/d Log[x] (a-bnlog[x] +blog[cx"]) -
Vd (a-bnLog[x] +bLog[cx"]) Log[d++/d +/d+ex? |

Problem 255: Result unnecessarily involves higher level functions.

J\/d+ex2 (a+blog[cx"])

3

dx
X

Optimal (type 4, 252 leaves, 14 steps):
benAr‘cTanh[@} benAr‘cTanh[l@]2
Vd Vd

bn+d+ex?
- - +
4x* a~d ad
Vdrex? (a+bloglcx') eAr‘cTanhP%] (a+bLlog[cx"])
22 _ 2d _

benAr‘cTanh[@] Log[;zL] benPolyLog[2, 1—AL}
vd \d -/ dve x? \H—\/m
2+/d 4~/d

Result (type 5, 303 leaves):
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1

4+/d [1+-L ¥
ex

—2b~/d n+/d+ex? Hypergeometr‘icPFQHl, l, 1}, {i,
2 2 2 2

bve nx/d+ex? Ar‘cSinh[ﬂ] (1+2Loglx]) +

Ve x

(—Za\/?\/d+ex2 ~b+/d nyd+ex?* -2benx?Log[x]?-
a+blog[cx"| +bnlog[d++d /d+ex? })7
\d A/d+ex? +ex2Log[d+\/?x/d+ex2] ]

Problem 256: Result unnecessarily involves higher level functions.
Jx4w/d+ex2 (a+bLog[cx"]) dx

Optimal (type 4, 469 leaves, 19 steps):
7bd’nx+/d+ex? 5bdnx3+d+ex? 1 \/7
- d+ex? +

- —bnx’
192 e2 288 e 36

5bd2n~/d+ex? ArcSinh| Lj?x ] bd2n+/d+ex? Arcsinh| ﬁ%x )?
+

d

e x2

2aex?Log[d++/d \/d+ex? | +2ex?Log[x]

1+

2b Log[cx"]

192e52 149X 3252 [1+ 95

Ve x

. 5 o x 2Ar‘cSinh[T
) Ny
bd*Znvd+ex? Arcsinh[*2*] Log[1-e U] ex/deex (avblogrext)
) 16 2
1652 [1+ %
d
dx3+/d+ex? (a+bloglcx"] 1
< g )+7x5x/d+ex2 (a+blog[cx"]) +
24 e 6
N 2A s‘h{\‘cx}
2 2 s e x rcSin —
d>2+/d +ex? ArcSinh| \/?] (a+bLloglcx"]) ) bd>2n+/d+ex? Polylog|2, e )
16e%2 [1. 3252 14

Result (type 5, 276 leaves):
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-48be*’?nx>+/d+ex? Hyper‘geometr'icPFQ[{fl, E, E}, {Z, Z}, 77] +
2 2 2 2 2

1200 %2 |1+ X

e X
75bd>2n+/d+ex? Ar‘cSinh[L] Log[x] + 25

Vd

(a\/?xﬂdJrexz (-3d>+2dex*+8e’x*) +34d° (afanog[x])Log[ex+\/?«/d+ex2}+
Ve x+/d+ex? (73d2+2dex2+8e2x4)+3d3Log[ex+\/?x/d+ex2] ]

b Log[cx"]

Problem 257: Result unnecessarily involves higher level functions.
szx/d+ex2 (a+bLog[cx"]) dx

Optimal (type 4, 409 leaves, 15 steps):

3bdnxvVd+ex?z 1 bd32n+d+ex? ArcSinh[@]
- - —bnx}y/d+ex® - Vd ©
32e 16

32e¥2 |14 ¢
d

2 ArcSinh [ VTTX]

2 ;
bd32n+/d+ex? Ar‘cSinh[%] bd32n+/d+ex? Ar‘cSinh[%] Log[1-e o]
+ +
16e3/2 1+£ 8e3/2 1+£
d d

dxVd+ex? (a+bloglcx"]) 1 s
- d+ex? bL n -
+4x \Jd+ex® (a+blog[cx"])

8e

L e
d3/2+/d + e x? Ar‘cSinh[%] (a+bloglcx"]) bd3/2n\/mPolyLog[2, GZA"CSI”h{f}]
+

2 2

8e3/2 1+ ext 16 e3/2 1+ ext
d d

Result (type 5, 250 leaves):
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1 -8be*2nx3+/d+ex? Hyper‘geometr‘icPFQ[{fl, i, E}, {E, E}, 77} -
2 2 2 2 2

7232 142X
d

gbd3/2nmArcSinh[@] Log[x] +

Vd

2
9 1+e: [a\/?xm(d+2ex2>+d2 (_a+an0g[X])Log[ex+\/?\/m]+
bLog[cx"] \/?x\/m(d+2ex2)—d2mg[ex+\/?\/m] ]

Problem 258: Result unnecessarily involves higher level functions.
Jxld+ex2 (a+bLog[cx"]) dx

Optimal (type 4, 330leaves, 11 steps):

bd¥2n [1+ ed_x2 Ar‘cSinh{%]2 bdnAr‘cTanh[—*&]
1 d [d+e x2
- ~bnx/d+rex® + drex
4

4+Je Vd+ex? 4+/e

inh| X X
bd3/2nWAr‘CSinh[%] Log[l_‘EZArcsln {V,d H 1
\/m (a+bLog[cx”” 4

+ — X
2/e Vd+ex? 2
5 . 2 2Ar‘cSinh[FTx]
d3/2 /1+% Ar‘cSmh[%] (a+bloglcx"]) bd*2n l1+% Polylog|2, e o]
2+/e /d+ex? 4~/e Vd+ex?

Result (type 5, 237 leaves):

| 37
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4~/e

b+/d n+/d+ex? Ar‘cSinh[@} (-1+2Log[x]) +

Vd
e x?
1+
d

\/— 2a—bn x+/d+ex? +2d a—anog )Log ex+\/—«/d+ex
2bLog cx"

x+/d+ex? +dLog ex+\/_x/d+ex ))

Problem 259: Result unnecessarily involves higher level functions.
J\/dJrex2 (a+blog[cx"])

dx

x2

Optimal (type 4, 345leaves, 11 steps):
_bnerb\/?n\/mAr‘cSinh[%] b+e nvd+ex? ArcSinh L]

+ —

X
Vd 1+ 2+/d [1

2Ar‘cSinhp/;x}
b~e nVd+ex? Ar‘cslnh[L} Log[1 - Je 7 \/m(a+bLog[cx“])

\/7 [ X

e \/d+ex? Ar‘cSmh[@] (a+blog[cx"]) b\/_ \/mPolyLog 2, e

2 ArcSinh [ Jyex

—2b+/e nx+/d+ex? Hyper‘geometr‘icPFQ[{l, l, 1}, {i, i}, -]+
2 2 2 2 2

T free 2 [

Result (type 5, 183 leaves):
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2 2
bn+/d+ex? —Hyper‘geometr‘icPFQ[{—l, —1, —1}, {1, 1}, —i] - |1+ e;( Log[x] +
2 2 2 2 2

Ve xArcsinh| \/ed—x] Log[x] Vd+ex? (a-bnlog[x] +bLloglcx"])

\/? X

Ve (a-bnlLog[x] +bLlog[cx"]) Log[ex+e 1/d+ex? |

Problem 266: Result unnecessarily involves higher level functions.

J(d+ex2)3/2 (a+bloglcx"])

X

dx

Optimal (type 4, 260 leaves, 17 steps):

—ibdnxldJrexz “Lon (d+ex?)®?+
3 9

~/ 2 ~/ 2
ibd3/2nAr'cTanh[ﬁ} +1bd3/2nAr‘cTanh[ﬂ]2+
3 Nr 2 NF
~/ 2
1 3d+/d+ex?® + (d+ex2>3/273d3/2Ar‘cTanh[ﬂ] (a+bLog[cx"]) -
3 vd
~/ 2
bd3/2nAr‘cTanh[&} Log| 27/d |- lbd”znPolyLog[Z, 1- 2/d

Vd Vd Vdiex 2 Vd —drex’
Result (type 5, 315leaves):
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2

1 1 ex
————— bn+d+ex? |-3ex? Hyper‘geometr‘icPFQH—f, 1, 1}, (2, 2}, ——] +
2 d

e x? 1
4 -1+ + Log[x] | +
1+L2
ex
bdn+/d+ex? 7HypergeometricPFQHfl, 71, 71}, {1, 1}, 7%] +
2 2 2 2 2 ex
\/?Ar'csinh[ﬂ] Log[x]
1+ Log[x] - Ve x +
ex? Ve x
l\/d+ex2 (4d+ex?) (a-bnlog[x] +bLog[cx"]) +

3
d*>2 Log[x] (a-bnLog[x] +blog[cx"]) -

d*? (a-bnlog[x] +bLog[cx"]) Log[d+~/d /d+ex? |

Problem 267: Result unnecessarily involves higher level functions.

d 2)3/2 bL n
J< +ex) (a+ og[cx})dlx

x3

Optimal (type 4, 295 leaves, 18 steps):
2 2
‘be“\/m— M+ Eb\/?enAr'cTanh[@} +

4 x? 4 \d
A/ 2
ib\/FenAr‘cTanh[&]2+zex/d+ex2 (a+bLloglcx"]) -
4 \d 2
d 2)3/2 bL n N 2
(d+ex?)** (a+bLlog[cx"]) 73\/?eAr‘cTanh[ d+rex | (a+blog[cx"]) -
2 x? 2 Jd
~/ 2
ib\/FenAr‘cTanh[&] Log[ﬂ] -
2 \d d -/d+ex?

3 2+d
“b+/d enPolylog[2,1- ———————
4 Vd -+Vd+ex?

Result (type 5, 349leaves):
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1 1 1 1 1 1 d
————ben+/d+ex? |-HypergeometricPFQ[{-—, - =, - =}, {=, =}, - +

2 2 2 2 2 e x?
1+ %
ex

\/d Ar‘cSinh[ﬂ] Log[X] 1
1+ Log[X] - Ve x -
ex? Ve X

bvd n/d+ex? ZﬁHypergeometricPFQ[{l, 1, l}, {5, i}, _d ]+
2

Nd o1+ +\/?xAr‘cSinh[£] (1+2Log[x]) |-
e x2 Ve x
(d-2ex?) Vd+ex? (a-bnlog[x] +bLog[cx"])

+
2 x2

i\/?eLog[x] (a-bnLog[x] +bLog[cx”]) -

2

3\/?e (a-bnlog(x] +blog[cx"]) Log[d++/d ~/d+ex? |
2

Problem 268: Result unnecessarily involves higher level functions.

JXZ (d+ex2)3/2 (a+bLog[cx"]) dx

Optimal (type 4, 464 leaves, 19 steps):
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11bd?nx+Vd+ex? 23 1
- - - —bdnx}\d+ex?* - —benx’\/d+ex® -
36

192 e 288
bd>’2n+/d+ex? Ar‘cSinh{%] bd>2n+/d+ex? Ar‘cSinh[l%]2

19232 |1+ 32032 [1. ¢
d d
2Ar‘cSinh{\“‘Ex}
o2 na e ancsion L] Logl1-< 5 | g SaTER (v bLoglet)
+ +
l6e
16e3/2 [14¢
d
ldxi‘x/d+ex2 (a+bLog[cx"]) e (d+ex?)*? (a+blog[cx"]) -
8 6
d>/2~/d + e x? Ar‘cSinh[%] (a+bloglcx"]) bd>2n+/d+ex? Polylog|2, GZAPCSi”h{%}]
+

2 2

1632 [1+¢< 32032 |14+
d d

Result (type 5, 331 leaves):
1

3600 €32 14

2
—400bde¥2nx3+/d+ex? Hyper‘geometr‘icPFQ[{—l, i, i}, {E, 5}, _e_x} -
2 2 2 2 2 d
2
144be>2nx°+/d+ex? Hyper‘geometr‘icPFQH—l, E, 5}, {Z, Z}, —i} -
2 2 2 2 2 d

e e x?
75 |3bd*2n+/d+ex? Ar‘cSinh[Q]Log[x]+ 14 2% (—a\/?xﬂdeexz

@ d
(3d>+14dex?+8e*x*) +3d> (a-bnLog(x]) Log[ex+e \/drex? |-
Ve x+/d+ex? (3d>+14dex®+8e?x*) —3d3Log{ex+\/?x/d+ex2 }))

b Log[cx"]

Problem 269: Result unnecessarily involves higher level functions.

J(d+ex2)3/2 (a+bLlog[cx"]) dx

Optimal (type 4, 378 leaves, 16 steps):
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. . 3bd*2n l1+ed¢2 Ar‘cSinh[%}2
-—bdnx/d+ex? ——bnx(d+ex2)3/2+
32

16 16 Ve Vd+ex?
-
2 ArcSinh| L& X
9bd2nArcTanh[—L2X-] 3pg52n [1, X Arcsinh[Y£X] Log[1-e {WH
d+e x? d \d
- +
32+/e 8+e Vd+ex?

idx«/d+ex2 (a+bLogl[cx"]) +lx (d+ex2)3/2 (a+bLog[cx"]) +
8 4

-
2 ArcSinh| X=X
3d°/2 /1+edi2 Ar‘cSinh{%] (a+blog[cx"]) 3bd*2n ’1+edi Polylog|2, e e {v‘TH

8+/e Vd+ex? 16 /e Vd+ex?
Result (type 5, 314 leaves):

1 3
-8be¥2nx?+/d+ex? HypergeometricPFQ[{-—, =,
2

1
2
72/e /1+ed—"z

1
9 _4bd\/?nxWHyper‘geometr‘icPFQ[{*,
2

1
2 2 2 2 d
2
bd*2n./d+ex? Ar‘cSinh[@] (-2+3Log[x]) + 1. 2%
i@ :
(\/?x\/d+ex2 (5ad—2bdn+2aex2) +3d? (a—anog[x]) Log[ex+\/?x/d+ex2 ] +

|

bLog[c x”]

Ve x~/d+ex? (5d+2ex2> +3d2Log[ex+\/?\/d+ex2]

Problem 270: Result unnecessarily involves higher level functions.

(d+ex?)*? (a+bloglcx"])
J dx

x2

Optimal (type 4, 400 leaves, 14 steps):
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bdnvVd+ex? 1
——Jr——benx\/dJrex2 +
4

X

3b+/d Ve nyd+ex? Ar‘cSinh[%} 3b+/d Ve nvd+ex? Ar‘cSinh[l%}2
. _
4 1+i 4 1+£
d d
—
2 ArcSinh| Y&
3bv/d Ve nVd+ex? Ar‘cSinh[%} Log[1-e o {VT}] 3
+=—exyd+ex’ (a+blogcx"]) -
2 [1+¢2 2
d
(d+ex?)*? (a+bloglcx"]) 3+/d Ve Vd+ex? Ar‘cSinh[%} (a+bLoglcx"])
N + : —
2 1+e:
2 ArcSinh Ve x
3b+/d Ve ny/d+ex? PolyLog[2, e o {T}]

4 |12
d

Result (type 5, 329 leaves):

1 1 1 1 1
————b+d n+/d+ex? \/?Hyper'geometr'icPFQH——, -= - {=
2 2 2 2
X 1+i

Vd :
bve n [d+ex? ,2\/?xHypergeometricPFQHl, 1, 1}, {i,
2 2 2

2

Ve x 1+ex +\/?Ar‘csinh[ ex] (—1+2Log[x]) -
d NED
(2d-ex?) Vd+ex? (a-bnlog[x] +bLlog[cx"])

+

2 X

Ed\/? (a-bnlLog(x] +blog[cx"]) Log[ex+/e 1/d+ex? |

2



Mathematica 11.3 Integration Test Results for 3.1.4 (f x)~"m (d+e x~r)~q (a+b log(c x~n))p.nb | 45

Problem 271: Result unnecessarily involves higher level functions.

dx

J(d+ex2)3/2 (a+bloglcx"])
4

X

Optimal (type 4, 400 leaves, 13 steps):

3/2 2 s e X
abend-exX bn(d+rex?)?? 4be’2n+/d+ex Ar‘cSmh[Lﬁ}
- +

- +

3 X 9 x3 )
3\/? 1+%
2 2ArcSinh[\/?x]
be32n+/d+ex? Ar‘cSinh{%] be32n+/d+ex? Ar‘cSinh[%] Log[1-e Ja 7]
2~/d 1+edl Vd 1+edi
evVd+ex? (a+bloglcx"]) (d+ex2)3/2 (a+bloglcx"])
- +
X 3x3
JaTexE L]
s Ve 2 ArcSinh| —
e3/2+/d+ex? Ar‘cSmh[?] (a+bloglcx"]) be3/2n\/mPolyLog[2, e e
Vd 1.+ 24/d (149X

Result (type 5, 269 leaves):

33 1 ex? ex?)32 1
bdn+/d+ex? —HypergeometricZFl[—f, -——y == —7] -3 [1+ ) Log[x]] +
2 2 2 d
X 1+£
d
1 1 1 1 1 e x? e x?
ben+/d+ex? |-HypergeometricPFQ[{- =, - =, - =}, {=, =}, -—] - [1+ Log[x] -+
2 2 2 2 2 d

\/?xAr‘cSinh[%] Log[x] Vd+ex? (d+4ex?) (a-bnlog[x] +bLloglcx"])

- +

VJd 3x3
e’ (a-bnlog[x] +blog[cx"]) Log[ex+/e \/d+ex? |
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Problem 279: Result unnecessarily involves higher level functions.

Ja+bLog[cx”] 4
xVd+ex?

Optimal (type 4, 166 leaves, 8 steps):

X

bnAr'cTanh[A%]2 Ar‘cTanh[%} (a+blog[cx"])

2/d Vd
bnAr‘cTanh[@] Log[;zL] bnPolylog[2, 1- —2vd
vd \d -/ d+ex? Vd -/ drex?
Vd 2+/d
Result (type 5, 162 leaves):
1 d
——bn |1+
Vd+ex? ex?
1 1 1 3 3 d \/?xAr‘cSinh[ﬂ} Log[x]
-HypergeometricPFQ[{ =, =, =}, {=, =}, - - Ve x
272 2 2 2 e x?

Vd

Log(x] (-a-b (-nlog[x] +Log[cx"])) (-a-b (-nLog[x] +Log[cx"])) Log[d++/d Vd+ex? |

+

Vd Vd

Problem 280: Result unnecessarily involves higher level functions.

ja+bLog[cx"]
x3+/d+ex?

Optimal (type 4, 258 leaves, 14 steps):

dx

A/ d+e x? \/drex? 12
bnvdrex? benAr‘cTanh[ Nes } benAr‘cTanh[ NzS ]

4d x? 4d3/? 4 d3/2

Vd+ex? (a+bloglcx"]) eAr‘cTanh[ﬁ‘igz] (a+bloglcx"])

+ +
2d x? 2d3/?
benAr‘cTanh[@] Log[gzL] benPolyLog[Z, 1. —2d
Vd Vd -/ d+ex? . \d -/ d+ex?
2d3/2 4. d3/2

Result (type 5, 229 leaves):
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3 3 3 5 5 d
2 d*/2 HypergeometricPFQ[{=, =, =1, {=, =1, - —1] +
ex? H2 2 2} {2 2} e x?
d d
+\/?xArcSinh[L] (1+2Log[x]) | -
2 Ve x
18+/d Vd+ex? (a-bnlog(x] +bLloglcx"])
; -18elog[x] (a-bnLlog[x] +blog[cx"]) +
X
18e (a-bnLog(x] +blog[cx"]) Log[d+~/d +/d+ex? |
Problem 281: Result unnecessarily involves higher level functions.
x? (a+blog[cx"])
J dx
Vd+ex?
Optimal (type 4, 359 leaves, 12 steps):
3/2 ex? inh [ Ve x 32, (1., exX s [ Ve x 12
bnxvVdrexd bd**n |1+ p Ar‘cSmh[ﬁ] bd**n |1+ p Ar‘cSmh[ﬁ]
- - - +
ae 42 drext 4e2[drext
32 ox? . o x 2ArcSinh{v/?Tx}
be?/en 1+ 5 Arcsinh[FEF Logli-e ] aTex® (asbloglex]
+ _
2e3/2+/d + e x? 2e
5 5 2ArcSinh[FTX]
d3/2 1+% ArcSinh[L&X] (a+bloglcx"]) bd*2n 1+% PolylLog[2, e Je ]
+
2632 /drexd b2 drext
Result (type 5, 205 leaves):
1 1 3 3 3 5 5 2
bn 2e2x3 Hyper‘geometr‘icPFQ[{f, =, f}, {*, f}, —i} +
362 |\ /drex? 2727277 27 2 d

e

9d\/? \Ex

2
1+ : —\/?Arcsinh[@] (-1+2Log[x]) | +

Vd

18ex+/d+ex® (a-bnlog[x] +bLlog[cx"]) -

18d+e (a-bnLlog(x] +blog[cx"]) Loglex+ e ~/d+ex? |

| a7
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Problem 290: Result unnecessarily involves higher level functions.
Ja+bLog[c x"] dx

X (d+ex2)3’/2

Optimal (type 4, 209 leaves, 11 steps):
bnArcTanh[@] bnAr‘cTanh[@}z
Jd

Vd N
d3/2 2 d3/2
1 Ar‘cTanh[@}
\d

(a+bLog[cx"]) -

dVd+ex2 d3/2

bn Ar‘cTanh[@] Log[;ZL] bnPolyLog[2, 1- —2Jd
vd Vd -/ d+ex? Vd -/ d+ex?

d3/2 2d3/2

Result (type 5, 241 leaves):

-bd¥%n |1+

Hyper eometr‘icPFQHE 3 E} {E
e x? ypers 2727 207

d d
9ex? |-bven |1+ xArcSinh[L] Log[x] -bn+/d+ex? Log[x]?+
e x? Ve x

\Jd+ex? Log[x] |[a+blog[cx"| +bnLog[d++/d /d+ex? |
(a+blLog[cx"]) [ﬁfx/d+ex2 Log[d++/d \/d+ex? ]

+

/(9d3/2ex2«/d+ex2

Problem 291: Result unnecessarily involves higher level functions.
Ja +bLog[cx"] dx

x3 (d+ex2)3/2

Optimal (type 4, 287 leaves, 12 steps):
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A/ d+e x? A/ drex? 72
bndrexd 5benArcTanh| N | 3benArcTanh| o ]

4d2 XZ 4d5/2 4d5/2

3e (a+bloglcx"]) a+bLoglcx"] 3eAr‘cTanh[3%] (a+bLoglcx"])

+ +
2d%?+/d+ex? 2dx?+/d+ex? 2d°2
3benArcTanh| N drex? | Log| —**¢—] 3benPolyLog|2, 1- QZL]
Vd Vd -/ drex? \d -/ d+ex?
2d5/2 i 4d5/2

Result (type 5, 218 leaves):

3bd*?2n |1+

) 5 5
HypergeometricPFQ[{ =, =,
e x? 2 2

s 7i} (1+2Logix]) -

d ) 3 5
Hypergeometric2F1[ =, =,
2 e X2

2 2

5bd>2n

NN

25ex? (a-bnlog[x] +bLlog[cx"]) (\/? (d+3ex?) +3ex?/d+ex® Log[x] -

3ex?+/d+ex? Log[d+ﬁx/d+ex2} /(50d5/2ex4xld+ex2

Problem 292: Result unnecessarily involves higher level functions.

dx

sz (a+bloglcx"])

(d+ex2>3/2

Optimal (type 4, 328 leaves, 11 steps):

2 . 2 . 2
b\/Fn\/HArcSmh[%] bﬁ“ﬁm‘chnh[%]

+ —

e32+\/drex? 232+ /d+ex?
5 VT x 2 Arcsinh | \EX ]
b+/d n l1+eTX Ar‘cSinh[\%"}Log[l—e Va 7] x (a+bLogfc x|
S drext C evdiex
R R zArcSinh[@}
Vd 1+eTX Ar‘cSinh[%} (a+bloglcx"]) b+/dn /1+eTX PolyLog|[2, e Ve 7
&2 drext _ 232 [drex®

Result (type 5, 217 leaves):

| a9
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Ve x
Vd

e x?

Log[x] - 9d*? <d+ex2) Arcsinh[ ] Log[x] / (9de3/2 (d+ex2)3/2)

x (a-bnlog[x] +blog[cx"]) (a-bnlog[x]+bLloglcx"]) Log[ex+\/?\/d+ex2 ]

+

3/2
evd+ex? e

Problem 301: Result unnecessarily involves higher level functions.

X

bL n
Ja+ oglcx"] 4

X (d+ex2)5/2

Optimal (type 4, 251 leaves, 15 steps):
4bnAr‘cTanh[@] bnAr‘cTanh[l@]2
Va V.

b

- n + + +
3d2+/d+ex? 3d°/2 2d°2

1 1 3 3Ar‘cTanh[@}

Vd n

ol o - ” (a+bLog[cx"]) -
3 1d(d+ex?) d2+d+ex? d

bnAr‘cTanh[@] Log[%] bnPolylLog[2, 1- QZL]

vd Vd -/ dex? Vd -/ drex?
d5/2 B 2 d5/2

Result (type 5, 273 leaves):

_3(5/2 (d e X2> % HypergeometricPFQ H

N

, EJ 5}, {Z, Z}J 7i] L 25+/d e
e x2 2 22

x® (4d+3ex?) Log[x] - 75e>2x° (d+ex2)2ArcSinh[£] Log[X] /
e x

e x?

(4d+3ex?) (a-bnlog[x] +blog[cx"])

+

(75 d5/2 2 x4 (d+ex2)5/2) +
3d?2 (d+ex2)3/2

Log[x] (a-bnlog[x] +bloglcx"])
dS/Z
(a-bnLlog(x] +bloglcx"]) Log[d+~d Vd+ex? |

dS/Z
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Problem 302: Result unnecessarily involves higher level functions.
Ja+bLog[c x"] dx

x3 (d+ex2)5/2

Optimal (type 4, 337 leaves, 14 steps):

d+e x?
ben bnvdsex? 31benAr‘cTanh[%}

3d3/d+ex? 4.d3 x? 12d7/2
5benAr‘cTanh[A@]2
Ad

5e (a+bloglcx"]) a+blog[cx"]
4d7/? 6d? (d+ex?)’? 2dx? (d+ex2)3/2

5e (a+bloglcx") 5eAr‘cTanh[%] (a+bLoglcx"])

+ +
2d>V/d+ex? 2d72
5benArcTanh| /drext | Log[ —2 d | Sbenpolylog|2, 1. —2d
Vd Vd -/ drex? \d -/ d+ex?
24772 B 4d7/2

Result (type 5, 227 leaves):

5 HypergeometricPFQ| {

NN

7 7 9
)2J 2}){2J })7 2:|7

/

(3d>+20dex?+15e?x*) (a-bnlog[x] +bloglcx"])

_ 7 9 d
7 Hypergeometric2F1[~, —, =, - ——] (1+2Log[x])
2 2

e x?

N U

98e?xb+/d+ex? | -

S5elog(x] (a-bnlog[x] +blog[cx"])
2d7/2
5e (a-bnlog[x]+bloglcx"]) Log[d++/d Vd+ex? |

2d7/2

6 d3 x? (d+ex2>3/2

+

Problem 303: Result unnecessarily involves higher level functions.

jxﬁ (a+blog[cx"])

(d+ex2>5/2

dx

Optimal (type 4, 443 leaves, 24 steps):



52 | Mathematica 11.3 Integration Test Results for 3.1.4 (f x)~"m (d+e x~r)~q (a+b log(c x~n))~p.nb

31bd3/2 1 ex? ArcSinh @
bdnx bnx+vd+ex? n\/ tog Areetn [ﬁ]

3e3v/drex? 4e’ 12e72+/d+ex?
[e x
5bd32n /1+ed—"2 Ar‘cSinh[%}2 5bd32n /1+ed—"2 Ar‘cSinh[%} Log[lerApcsmh{\\ﬁ }]
a7 drext ’ 2672 AT ext )
x> (a+blog[cx"]) 5x*(a+bloglcx"]) SX\/m(aerLog[cx”})
3e (d+ex?)?? . 3e2+/drex? : 263 }

| ) R 2 Arcsinh | \E}

5 d3/2 1+% Ar‘cSinh{%] (a+blog[cx"]) 5bd*2n l1+% Polylog|2, e Ja
2672 drext ) RNy

Result (type 5, 199 leaves):

1 _ 7 7 7, .9 9 e x?
_ 5Hyper‘geometr‘1cPFQ[{*, — *}, {*, *}, 77] +
98 d?\/d+ex? 2 2 2 2 2 d

. 5 7 9 e x?
7 Hypergeometric2F1[ =, —, =, - ——] (-1+2Log[x]) | +
2 2 2 d
x (15d?+20dex?+3e?x*) (a-bnlog[x] +bLlog[cx"])
6 e3 (d+ex2)3/2

5d (a-bnlog[x] +blog[cx"]) Log[ex+~/e V/d+ex? ]

2 e7/2

Problem 304: Result unnecessarily involves higher level functions.

JX4 (a+blog[cx"]) 5
X

(d +ex2)5/2

Optimal (type 4, 383 leaves, 13 steps):
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abvd n [1+2% Arcsinh[YEX] b-/d n [1+ 2% ArcSinh|Yex]?
. vJd n v & r‘c1n[ﬁ} \Jd n v & rc1n[ﬁ]

- +

+

3e2+/d+ex? 3e52~/d+ex? 2e52~/drex?
ZAPCSinh{VCX}
by/d n |1+2% ArcSinh|YeX] Log[1- [a
Vd VR ' [W} gl1-e ] x> (a+bLloglcx"])
e>2+/d + e x2 3e (d+ex?)??
d 1+ 2 ApcSinh[¥eX] (a4 bLog[cx"
x (a+bloglcx"]) Vd T {ﬁ]< * glcx"])
+ _
e drext 2 drext
2 ZAPcSinh{&}
bvd n 1+eTX PolyLog[2, e Vo ]
2e52[d-ex

Result (type 5, 244 leaves):

3852 (d+ex?) ? HypergeometricPFQ| {

)

e x?

Log[x] - 75 d°/2 <d+ex2)2Ar‘cSinh[@] Log[x] /

25d3\/?x(3d+4ex2) 1+
Vd

(75d2e5/2 (d+ex2)5/2) X (3d+4ex2) (a—anog[x] +bL0g[cx"]) )
3e? <d+ex2)3/2

(a-bnLlog[x] +blog[cx"]) Log[ex+e Vd+ex? |

@>3/2

Problem 312: Result unnecessarily involves higher level functions.

bL n
j a+bloglcx"] dx

x3vd-ex Vd+ex

Optimal (type 4, 489 leaves, 13 steps):
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2 2 2 2
bn (d- e 2] be*n [1- < ArcTanh| [1- € |
N

4d2x2~/d-ex /d+ex 4d2~/d-ex Jd+ex

2
ben |1- % ArcTanh | 1- €% ]
& &

(d?-e?x?) (a+bLloglcx"])

4d2+/d-ex d+ex 2d2x2+/d-ex Vd+ex

e? ll—e;—;‘z ArcTanh | 1—‘92—2‘2] (a+bLoglcx"])

2d2+/d-ex /d+ex

1+ [1-2
be?n [1- e;fz ArcTanh| [1- e;;‘z | Log[—2—] be*n [1- e:—;‘z PolyLog[2, - —
1 1752)(2 17 1722)(2

N @ @

2d2+/d-ex \/d+ex 4d2~/d-ex Vd+ex

Result (type 5, 255 leaves):

1 3 3 3 5 5 d?
bn(-d*+e’x?) |2d*H tricPFQ|{ =, =, = =, =
- n +e? x?) ypergeometric Q[{z,z,z},{z,z} e +
d? . d
9e?x?|d |1- -exArcSin[ —] | (1+2Log[x]) /
e? x? ex

18d+v/d-ex /d+ex (a-bnlLog[x] +blog[cx"
- x*Vdex Vdrex |- ( : gIx] glex])
X

18 e Log[x] (a-bnLog[x] +blLog[cx"]) -

18e? (a-bnlog[x] +blog[cx"]) Log[d++/d-ex Vd+ex |

Problem 348: Result more than twice size of optimal antiderivative.

Log[ ]
dx
ax-x?

Optimal (type 4, 14 leaves, 4 steps):

Polylog|[2, 1- 2]

X

a

Result (type 4, 61leaves):
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2Log[i} (Log[x] -Log[-a+Xx]) +
X

X X
Log[X] (Log[x} -2Llog[-a+x] +2Log[1- f]) +2Polylog|2, f])
a a

2a

Problem 349: Result more than twice size of optimal antiderivative.

Log[x%}
dx
ax-x3

Optimal (type 4, 17 leaves, 4 steps):
PolyLog[2, 1- % |

XZ

2a

Result (type 4, 104 leaves):

1 a X X
—|2Log[—] Log[x] +2Log[x]?+2Log[x] Log[1- | +2Log[x] Log|1 + ] -
2a x2 a Va
Log[iz] Log[-a+x*| - 2Log[x] Log[-a+x?| + 2PolyLog[2, - X | +2PolyLog|2, L]
X

a Va

Problem 350: Result more than twice size of optimal antiderivative.

JLog[a xtn ]

ax-x"

dx

Optimal (type 4, 26 leaves, 3 steps):
PolyLog[2, 1-ax' "]
a(1-n)

Result (type 4, 103 leaves):
o r
2a (-1+n)

X—1+n

(-1+n?) Log[x]?+2Log[x] [nLog[ax™"| + (-1+n) |Log|1-

] Log[ax+x”})

a

-1+n
2Log[ax*™"] Log[-ax+x"] +2PolyLog|2, Xa ])

Problem 363: Result more than twice size of optimal antiderivative.

J(-Fx)l”" (aerLog[cx”])2

d+ex™

dx

Optimal (type 4, 129leaves, 4 steps):
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xtm (£x) 7P (a+bLloglcx"])? Log[1+ %}

+
em

2bnxt " (f x)’l*m (a+blog[cx"]) PolyLog|2, —edim] 2b2n2xt " (f x)’l”" PolyLog|3, —ed—xm]

e m? em?

Result (type 4, 502 leaves):
1

3efmd

x ™ (fx)"[3a’m’ Log[x] ~6abm’nLog[x]?+4b*m’n*Log[x]>+6abm’ Log[x] Log[cx"] -

} +

-m

6b?m’ nLog[x]?Log[cx"| +3b?m’ Log[x] Log|c x”}z +3b?m?n? Log[x]? Log[1 +
e

3a’m?Log[d-dx"] -6abm?nLog[x] Log[d-dx"| +3b’>m?n? Log[x]?Log[d-dXx"| +
6abm?Log[cx"| Log[d-dx"| -6b*m?nLog[x] Log[cx"| Log[d-dx"]| +
3b2m? Log[cx”]zLog[d—dx’"} +6abm?nLog[x] Log[d+ex"] -

m

e: | Log[d+ex"] +

6b?m?n? Log[x]?Log[d+ex"] ~6abmn Log|-

6 b2mn? Log[x] Log[—e:m] Log[d+ex"| +6b2m?nLog[x] Log[cx"| Log[d +ex"] -
ex" dx™
6b’mn Log| - y | Log[cx"] Log[d +ex"] -6b*mn? Log[x] PolyLog|[2, - ] -
e

m X—m

| -6b2n?PolyLog|3, -

6bmn (a-bnlog[x] +blog[cx"|) PolylLog[2, 1+ ex

]

e

Problem 430: Result more than twice size of optimal antiderivative.

(a+bloglcx"])?
J dx

X (d+ex")

Optimal (type 4, 94 leaves, 3 steps):

2 dx"
(a+bLloglcx"])?Log[1+ : ]

dr
2bn (a+blog[cx"]) Polylog|2, - d’e(r 2b2n?Polylog|3, -

.
dr? dr3

dx”}

Result (type 4, 270leaves):

1
-— |a’r?Log|d-dx"] -
dr‘3[ g[ X}
2abr? (nLog[x] - Log[cx"]|) Log[d-dx"] +b%r? (—nLog[x]+Log[cx“])2Log[d—dx'“]—
Xr‘

]

d

1 e
2abnr (—r‘z Log[x]2 + (—r Log[x] + Log|-
2

2b*nr (nLog(x] - Log[cx"])

Log|[d+ex"| +PolyLog[2, 1+ e:P]] +

r eXr‘

| )

s 2 (5 ) dx™" dx™" dx™"
b n (r‘ Log[x] Log[1+ } -2rlLog[x] PolyLog[Z, - } —2PolyLog[3, - ]J]
e e e

+

(1 r? Log[x]? + (4‘ Log(x] +Log|- €

Log[d +e x"} + PolyLog[Z, 1+
2

d
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Problem 431: Result more than twice size of optimal antiderivative.

(a+blog[c x“])2
J dx

X (d+ex”)2

Optimal (type 4, 182leaves, 7 steps):

(3. bLoglcx'))? 20 (a+blogicx)] Log[1+ 2] [a-blogicx) ) Log[1+ 2=']

dr‘(d+ex") " d? r2 d?r

2b?n? Polylog|2, —dzip} 2bn (a+blog[cx"]) Polylog|2, —d:r} 2b%n? Polylog|3, _d’:}
d? r3 ’ d? r2 : d2 r3

Result (type 4, 397 leaves):
1 (dr?(a+blogcx"])?
dZ I"3
a’r?Log[d-dx"| +2abr? (nLog[x] —Log[cx”]) Log[d-dx"| +
2b>nr (-nlog[x] +Log[cx"]) Log[d-dX"] -b®>r? (-nLog[x] +Log[cx“])2Log[d—dx"] -

+2abnrLogld-dx"]| -

d+ex”

x'"]

r

1
2 b2 n? (—r‘z Log[x]2 + (—r‘ Log[X] +Log[—e
2

Log|[d+ex"] +PolyLog[2, 1+ e:r]] +

1 ex
2abnr [—r‘z Log[x]2 + [—r‘ Log[x] + Log|-
2

2b>nr (-nlog(x] +Log[cx"])

}) Log[d+ex"] +PolyLog[2, 1+ e:r}) +

r

eXx
.

ex"

o]

Log[d +ex'"] + PolyLog[z, 1+

(1P2 Log Tx1? ( _
gIx]“+ rLog[x] +Log[
2

s 2 [ s ) dx™" dx™" dxr"
b n (r‘ Log[x] Log[1+ ] -2rlLog[x] PolyLog[Z, - ] —2PolyLog[3, - }]
e e e

Problem 433: Unable to integrate problem.

d+ ry>/2 +blL n
J( ex") (a og[cx})dlx

X

Optimal (type 4, 327 leaves, 23 steps):
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92bd2n/d+ex" 32bdn(d+ex")3/2 4bn(d+ex")5/2

+

15 r? 45 r? 25 r?
r r 2
92bd5/2nAr‘cTanh[@] 2bd5/2nAr‘cTanh[@]
Vi i o2
15 r2 r2 15

) s/2  15d°2 ArcTanh| @]

2 5d (d r\3/2 3 (d r
15d?Vdrex (d+ex") N (d+ex ~ Vd (a+blLog[cx"]) -
r r r r

4bd>/? nAr‘cTanh[@} Log[gzxL} 2bd>2n PolyLog[Z, 1- —2d
Vd Vd -4/ d+ex" \H*\/m

2

r2 P
Result (type 8, 27 leaves):

dx

J(d+exr‘)5/2 (a+bloglcx"])

X

Problem 434: Unable to integrate problem.

dx

(d+ex")?? (a+blog[cx])
J X
Optimal (type 4, 284 leaves, 17 steps):

aex Jarex )2
16bdn/d-ex’ 4bn (d+ex")>? 16 b d*/2 n ArcTanh | e | 2bd*2nArcTanh| e ]
- - + + +

32 9 r2 3r2 r2

d+e x"
q ~y 32 3d3/2 Ar‘cTanh[D]
o fdier [aex)? Ccanll PR

r r r

2
3

4bd3/? nAr‘cTanh[@} Log[gz\L} 2bd32n PolyLog[Z, 1- —2d
Vd Vd [drext Vd fdrext

2

r2 P

Result (type 8, 27 leaves):
% (a+bLogcx"])

J(d+exr‘) ix

Problem 435: Unable to integrate problem.
J\/d+exr (a+bloglcx"])

X

dx

Optimal (type 4, 240 leaves, 12 steps):
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d+e x" diext 12
abnVdiex 4b\/d_nAr‘cTanh[lz\/(T ] Zb\/?nAr‘cTanh[lz\H ]

- + + +
r2 r2 r2

d+ex”

- /d ArcTanh Jarex
- - - a”r‘[ Vd | (a+bLlog[cx"]) -

4bﬁnAr‘cTanh[@] Log[ézL] 2b+/d nPolylLog[2, 1- —2Jd
Vd V@ fdrext Vd [diex

r.2 I"Z

Result (type 8, 27 leaves):
J\/d+exr (a+bloglcx"])

X

dx

Problem 436: Unable to integrate problem.

a+blogl[cx"]
J—dlx
xVd+ex”

Optimal (type 4, 174 leaves, 8 steps):
2bnArcTanh| @} 2 2 ArcTanh [@] (a+blog[cx"])
\d

ﬁ — -
\d r? Ad e
4bnAr‘cTanh[@] Log[¢] 2anolyLog[2, 1. —2d
Vd \d -+ d+ex” d -/ d+ex"
\d r? \d r?

Result (type 8, 27 leaves):
a+blog[cx"]
J OO L ax
xVd+ex"

Problem 437: Unable to integrate problem.
ja+bLog[cx”] dx

X (d+exr)3/2

Optimal (type 4, 225leaves, 11 steps):
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4bnAr‘cTanh[%} 2b nAr‘cTanh[A%]2

+

d3/2 r\Z d3/2 r\Z
1 Ar‘cTanh[@]
Vd n
2 - (a+bLloglcx"]) -

dr/d+ex" d*>2r

4bnAr~cTanh[@] Log[#L] 2bnPolylog[2, 1- AL}
vd Va [drex Va fdrext

d3/2 r.2

d3/2 r.2

Result (type 8, 27 leaves):

bL n
Ja+ oglcx"] dx

X (d+ex")3/2

Problem 438: Unable to integrate problem.

bL n
Ja+ oglcx"] dx

X (d+ex'”)5/2

Optimal (type 4, 271 leaves, 15 steps):
16 b n ArcTanh | @] 2bnArcTanh| Azd\?" ]2

- 4bn + Vd + d +
342 r2 W 3d°/2 p2 d>/2 p2
) 1 3 3Ar‘cTanh[@]
Vd n

< - - - (a+bLoglcx"]) -

3 ]ldr (d+ex") d2r-/drex d5/2p

4bnAr‘cTanh[@] Log[%] 2bnPolyLog[2, 1—%}
o ol T fier
d5/2 p2 - d5/2 2

Result (type 8, 27 leaves):
a+blog[cx"]
J O BE X ax

X (dJrex'")S/2

Problem 439: Unable to integrate problem.
Ja+bLog[cx”] dx

e (d+ex")7/2

Optimal (type 4, 314 leaves, 20 steps):
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92bnAr‘cTanh{l%] anArcTanh[:{dJrex" }2

4bn 32bn va
- - + + +
15d?r? (d+ex") 72 15 d3r2+/drex” 15d7/2 r? d’/2r?
2 3 5 15 15 Ar‘cTanh[@]
— - Vd b Lo [c x”}) -
15 r\5/2 i 2 r\3/2 " 3 r d7/2 (a+ g
dr‘(d+ex) dr‘(d+ex) d3rvd+rex r
4bnAr‘cTanh[@] Log[;zL] 2bnPolyLog[2, 1—AL}
Vd Vd -\/d+ex" Vd -/ drex"
d7/2 p2 N d7/2 p2

Result (type 8, 27 leaves):
a+blog[cx"]
J O TBE X ax

X (d+ex")7/2

Problem 456: Result more than twice size of optimal antiderivative.

f bL "7)3
j< +gx) <a+ og[cx]) ix

(d+ex)3

Optimal (type 4, 295 leaves, 11 steps):
3b<e1c—dg)nx(a+bLog[cx”})2 f2 (aerLog[cx“])3
- +

2d?e (d+ex) 2d2 (ef-dg)
£ (o bLogiexr)® 35 (e dg) w (o bLogicx) togl3+ %]
2 (ef-dg) (d+ex)? 42 e2
55 (e8] n 2+ bloglex) | Log[1+ 5] 307 (e ¢ rolytog[z, %]
2d%e? d2 e?

3b% (ef+dg)n? (a+bloglcx"]) Polylog|2, —ed—x] 3b% (ef+dg) n®Polylog|3, —ed—x}
d? e? : d? e?

Result (type 4, 674 leaves):
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1
g2 e? (d+ex)?
3bd’n (dg+e (f+2gx)) Log[x] (a—anog[ ]+bLog[cx”])2—
d> (-ef+dg) (a-bnlog[x] +blog|cx ]) d(d+ex) (a—anog[x]+bLog[cx“])2
(2adg- 3befn+3bdgn+2bdg( nLog[x] + Log[cx"])) +
[
]

(—Sb (ef+dg)n (d+ex)2Log[x] (a-bnLog(x] +bLog[cx”])2+

3b(ef+dg)n(d+ex)? (a-bnlLog x]+bLog[cx])2Log[d+ex]+
3b%dgn? (a-bnLog[x] +blog[cx"]) [ e? x? Log[x]2 2(d+ex)2Log[1+ed—X]+

—ex+ (d+ex) Log[1+ed—X]J +2 (d+ex)?polylog[2, _ed_X]

+

2 (d+ex) Log[x]

3b%efn? (a-bnLog[x] +blog[cx"])

-ex (2d+ex) Log[x]?-2 (d+ex)2Log[1+ed—X} +

2 (d+ex) Log[x]

ex+ (d+ex) Log[1+ edix}

2 (d+ex)2PolyLog[2, _ei} +
d

b*efn® |-ex (2d+ex) Log[x]?+3 (d+ex) Log[x]?

ex+ (d+ex) Log[1+ ed_x}) -

Log[l + 2] - PolyLog[Z, —2]
d d

6 (d+ex)2Log[x]

6 <d+ex)2P01yL°g[2’ _ecTX] -6 (d+ex)2polyLog[3, ‘:7)(}] +

exX

b>dgn? (Log[x} ~e?x?Log([x]2+6 (d+ex)?Log[1+ —] +
d

3 (d+ex) Log[x]

—ex+ (d+ex) Log[1+ edix})) +

6 (d+ex)? (1+Log[x]) PolyLog[2, —ed—x] “6 (d+ex)?Polylog[3, _%})J
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Summary of Integration Test Results

456 integration problems

A - 377 optimal antiderivatives

B - 23 more than twice size of optimal antiderivatives
C - 49 unnecessarily complex antiderivatives

D - 7 unable tointegrate problems

E - Ointegration timeouts



